[image: image1.png]62. Onpesesxenne dyHxnum. 3aBECHUMOCTE lIepEeMEHHOHR ¥ OT me-
PEMEeHHOW X HA3BIBAeTCH (QYHKyUel, eCiN KAXIOMY 3HAUEHUIO X
COOTBETCTBYET EeLUICTBeHHOe 3HaueHue Y. IlepeMeHHYI0 X Ha3bI-
BAIOT HE3Q8UCUMOU nepeMenHol NN aAPZYMEHTOM, a IIePEeMEeHHYIO
Y — 3a6UCUMOL nepeMeHHOll. 3HAUYEeHHE Y, COOTBETCTBYIOIee 3a-
AAaHHOMY 3HA&YSHN:0 X, HA3BIBAIOT 3HAUCHUEM QYHKYUU.

Ecau nepeMenHas Y apadAerca GyHKUUeH OT IepeMeHHOR X, TO
sanuchiBaioT: ¥ =f (x) (unraerca: «3¢d or uxcs). Byxsoit f 06o3Ha-
gaercsa paduas GyHKIuA, T. €. PYHKIMOHAJBHSEHS 3aBHCHUMOCTD
MeXAY IepeMeHHLIMH X H Y; f[(x) ects 3Hauenue GyHKUUH,
COOTBETCTBYIOLIEe 3HAUYEHHIO aprymMeHTa X. I'OBODAT TakKikKe, 4YTO
f (x) ecTb 3Hauenue GYHKUMH 6 TOUKE X.

Bce 35auyeHu s, KOTOpHE NMPUHHMAET He3aBEHUCHUMas NepeMeHHas,
o6pa3yioT o6aacTe onpedenenus GyYHKYUU.

Bce 3naueHns, Koropele mnpuHNMaer pyHruusa f (x) (opu x, npu-
HagJexamux o6jsactH ee ompezeeHHd), cOpasywT 06aaCTy 3HA-
YeHull pynryuu.

PaccmorpuM dyuxmuio ¥y =x2, rae 1<<x<C3. Dra 3anuch o3Ha-.
yaeT, 4YTO 3ajaHa clezyomas (bynmﬁnm KaXIAOMY 4YHCIY X
U3 OTpe3Ka [1 3] CTABUTCA B COOTBETCTBHE XBAjDAT BTOTO UHCIA.
Hanpuwmep, f (1)=1°=1, f(2)=2=4, (2,3)=2,3’=5,29 u 1.1
3amnuch f(4) B 3TOM ciyuae JHIIEHA CMBICJIR, TAK KaK UMCJIO0 4 He
npuHazjexur orpesky [1, 3]. Orpesox [1, 3] — obaacTer ompege-
JIEHU A PYHKIUH.

63. Amaanmruueckoe 3agaEme PpyErpEH. dTOoOH 3a7aTh (DYHK-
IHIO, HYKHO yKasaTh CIIOCO0, C IIOMOIILIO KOTOPOro AJA KaXKIOro
3HAUYCHUS apryMeHTa MOXKHO Ha¥MTH COOTBETCTBYIOIEe 3HAUYECHHE
dbyaxuun. Hanbosee ynorpeOuTeIbHBEIM SBJIASTCA CIIOCO0 3afaHUA
dyHruun ¢ nomomiblo ¢opmyasr y=f (x), roe f(x) — HexoTopoe
BBIpAXXeHue C IIepeMeHHOH Xx. B Takom cJiydyae rosopfT, UTQ
dyuxnusa sagaHa ¢bopmysoi uaM 4TO0 QYHKUUA 3aJ4aHA AHAAUTU-
YyecKu.

IIpumepl. y=x°4+5x—1, rage x=>0. O6nacTb onpeaeieHns
aToi GyHKuuM — ay4 [0; -+ oo). YToGksI HAlTH 3HAUEHHE (DYHKIUE
B Ji000if Touxke x>0, mocTaToOYuHO HANTH 4UYMCJIOBOe 3HaUYeHUe
BulpaxeHusa x°+5x—1 B BEIOpaHHOM Touke. PyHKIUA 3azaHa
aHAJHTUYECKH.

JIia aHaJIMTHYECKH 3afaHHOH (PYHKIMH MHOTrZA HE YKa3bIBAIOT
ABHO 00sacTh omnpegeeHus GyHKumuH. B Takom cayuae Imof-
pas3yMeBaioT, 9To objsacTe onpegenenusa byvsruwy y=f(x) corna-
Xaer ¢ ofhnsa~TRIC OIpCHENEeHUdA BrIpamewus f{x}, T. e. ¢ MHOXKeCT-
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Il pumep 3. HaiiTi o6s1acTs onpepeseHuda GYHRKIUY Y =713
Pemenue. Bripaxenue x_}l_ 7 OmpeleNeHo INpH BCeX X,
KpoMe TOro 3HadeHHUA, KOTOpoe obpaiaer sHamMeHareas B 0,— sTo
3HaYeHHe X = —2. J3HaYuT, o0O6sacTh onpefeieHHaA @OYHKIHUH
COCTOUT M3 BCeX 4uuceJs, Kpome X = — 2,

IIppumep 4. Haiitu o6aacTe omnpefeneHHa GYHKIUHN

=~x—1.

Pemeunue Boeipaxenne /x—1 ompejeneHo npu Tex X,
Ipu kKotophix X—12>=0, 1. e. mpu x>1. 3Hauur, ob6sacTh
onpeneneHua PyHKUUH — Jay4 [1; -+ oo).

Huorpa ¢pyuruua sajgaercsa Ha pa3sJHYHBIX IPOMEXYTKaX pas-
JUYHBEIMU (PopMyJaMHM, HAIIpHUMeED:

f(x)={ 2x + 3, ecim —1<<x<<0,
x4+ 2, ecim 0<<x<1.

9Ta GyHKIMA omnpeienera Ha oTpeske |[—1; 1] Ilna BHI-
QUCJIeHUSA 3HAYeHMH (GYHKIUHM HYMKHO JIMIIL TOYHO OIPEAEJIHTh,
Kakod ¢opmysoii cleAyeT BOCHONb30BATHLCA [IJIA 3aLaHHOIO
KOHKpeTHOro 3HadyeHHs aprymeHTa. Hampumep, ecium HYXHO BBHI-
inenaute f(0,5), BocmospdyeMcs paBeHCTBOM [ (x)=x-+ 2 u moay-
ium  f(0,5)=2,5. Ecam xe HykHo BHIuMcIuTL f(—0,5), TO
Bocriosindyemcsa paBeHCTBOM [ (x)=2x -+ 3. monvuum F(— 0.5)=2




[image: image4.png]66. T'padurx dyHrnnm, 3afaHHOH aHAJNHTHYECKH. IIycTs yHK-
nud 3ajaHa aHaJuTHUYecKH dopmysoi y=f (x). Ecaiu Ha Koopau-
HATHOM NJOCKOCTH OTMETHTH BCE€ TOUYKH, 00JIaZalolue CJez YoM
ceoiicTBOM: abGcuucca TOYKM NPHHAAJEKHUT 0o0JacTH onpejeseHus
GYHKIMH, & OpAMHATA pasBHA COOTBETCTBYIOUIEMY S3HAYEeHUIO
GOYHKIIMY, TO MHOMXeCTBO ToueK (X; f(x)) ecrb zpagukx pynxyuu.

Hanpumep, rpaduKoM QYHKIUHM Y =X HABAAETCA MHOMXECT-
BO TOYEK BuAa (X; X), T. €. TOYEK, HMEIONIMX OAMHAKOBEIE
KOOPJAHMHATEL. TO MHOXECTBO To4eK ecThb 6uccekrpuca I u III xoop-
AUHATHBIX yrJoB (puc. 10).

Ha npaxkTuke AJA IOCTPOEHUSA rpaduKa (PyHKIHUH COCTABIIAIOT
Tabnuny 3HaYeHU PYHKIUY NPU HEKOTOPLIX 3HAYEHUAX apryMeH-
T4, HAHOCAT HAa IIJIOCKOCTb COOTBETCTBYIOIIME TOYKH U COCIUHSAIOT
IIOJIy4YeHHbIe TOUKM JuHMell. IIpu aTom npeamnosnaramoT, uTo rpadux
GOYHKIIMM ABJSETCS IIJIaBHOM JUHMell, a HalifeHHble TOYKH LOCTA-
TOYHO TOYHO ITOKa3bIBAIOT XOJ M3MeHEHHMA (DYHKI[HH.
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[image: image5.png]IIpumep. Ilocrpours rpadburx GpyHrmuM y=x".
Pemenne. CocraBum TabjUIly HEKOTOPHIX 3HAYECHUH (PYHK-
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Hanecem Haigennnie Touku (0; 0); (1; 1); (—1; 1) (2; 4);
(—2; 4); (2,5; 6,25); (—2,5; 6,25) Ha KOOPAMHATHYIO ILJIOCKOCTH
(puc. 11 a). CoegMHHB 3TH TOYKM IJAaBHOH JIMHHEH, MOJIYYHUM
rpadurk (a TouHee, 5CKH3 rpadura) GyHKIIUHU y=:>c2 (puc. 11, 6).
I9Ta JHHUA Ha3bIBaeTcA napaboaoil.

67. Yernsie m HeuerHble ¢ynrnmmn. PyHruua y=7(x) Ha-
3BIBAETCA YeTHOU, ecaHu AJA JI000ro X U3 00JIaCTH OnpeaesieHud
b YyHKIUHU BBHINOJHAETCA paBeHCTBO f (— x)=f (x).

Pyuruua y=7(x) Ha3bIBAETCA HeEYeTHOU, ecau AJA J1060-
ro x U3 obJiacTH onpeneJieHHss (PYHKIIUM BBINOJHSETCS PaBeHCTBO
f(—x)=—F(x)

Ecoin o¢yHknmua y=7f(x) TaxkoBa, 4YT0 XoTA OBl AJNA Of-
HOM Iapbhl 3HAYEHMH X M — X OKasajxoch, 4To f(—x)=~= —f (%),
1 XOTA OBl AJIA OAHOM maphl 3HAYEHHH X MU — X OKasaJjioCh, YTO
f(—x)%=f(x), To QyHKINT He ABIAETCA HHU UYETHOMH, HU HEUETHOI.

U3 onpegesieHu# cieayer, uTo o6sacTh ompeaesenus X Kak
YeTHOM, TAK U HEUYeTHOM (PYHKIMHM AOJKHA 00JazaTh CJEeAYIOIHM
cBoiictBoM: ecau X€X, To ¥ —x€EX (1. e. X — cUMMeTpHYHOE
oTHOCUTeJIbHO O MHOXXECTBO).

II pumep. UccnegosaTh Ha 4YeTHOCTh (PYHKUMM: a) y=Xx’;
x—4
x*—9

Pemenue. a) Umeem f (x)=x?%, f(—x)=(—x)*=x>. Buauur,
f(—x)=Ff(x) pna scex x. PyHKUUA SABJIAETCS UYETHOM.

6) UmeeMm f (x)=x°, f(—x)=(—2x)’= —x°. Buauur, f (—x)=
= — f(x) ana Bcex x. PyHKUUA ABISETCA HEUETHOIA.
—x—4 x4
—x?—9  x*—9 °
kKak f(—x)==f(x) m f(—x)5%= —f(x), To byHKIUA He ABIAETCA
HUY YeTHOM, HM HEYEeTHOM.

6) y=x% B) y=

Tak

5) Hmeen f (¥)="r—5» [ (— %)=+

68. I'padbux uernoit ¢pyuxmun. I'padurx HeueTHONH GyHRDHH.
I'padpuxu dyeTHOH H HedeTHOM (GYHKIUUI 00azaloT cielyIOUUMU
OCOOEHHOCTSAMH :

Ecau ¢ynrxyua sasasercs 4eTHOl, TO ee 2papuKr cummerT puieH
OTHOCUTEeNbHO OoCU OpPOUHAT.

Ecau ¢yHuryusa aeaserca HeweTHOlU, TO ee zpadux cumMMmerpu-
UeH OTHOCUTEeNbHO Hauala KOoOpOuHar.
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Puc. 12 Puc. 13

IIpumep 1. IloctpouTs rpaduk pyHxumuMu y = |x|.

Pemenue HWHmeem f(—x)=|—x|=|x|=Ff(x). 3uauur,
byHKIUS YeTHA, & MOTOMY rpadHK ee CHMMETPHUYEH OTHOCHTEJb-
HO OCU OPJAMHAT.




[image: image7.png]Ecan x>0, 10 |x|=x, 7. e. mpu x>0 umeem y=ux. I'pa-
dbuxom (_byHRmm y=x npu x =0 cayKuT OUCCEKTPHCA IIepPBOTO
KOOpAMHATHOro yrJja. IloagBeprHyB ee IIpeoOpasOBaAaHHIO CHUMMET-
PHUH OTHOCHTEJBHO OCH Y, IOJYYHM rpadux GyHKIuHU Yy = |x]
(puc. 12).

IIpumep 2. Iloctpoutrs rpacdhuk pyHxuuu y=2x |x|.

Pemenue HWHmeemM f(—x)=(—x)—x|l=—x|x|=—Ff(x).
3HauuT, GYHKIUUA HeYeTHA, a IOTOMY IpadHuK ee CUMMETDPHUEH
OTHOCHUTEJILHO HadaJjia KOOpJAHUHAT.

Ecnu x>0, To le x, a f(x)=x-|x|=x-x=x°. BHauwur,
npu x>0 umeem y=x’. I'paduxom 6yaer BeTsb mapabonnl. OHa
n306pakeHa Ha pucyHke 13, a. IlogseprHyB ee IpeoGpaszoBaHUIO
CUMMETPUH OTHOCHTEJIBHO Hauajla KOOPAMHAT, NMONIYyYUM rpadux
bynrun y=x|x| (puc. 13, 6).

69. Bospacralomue u y6niaromue pyaxnmun. dynxnusa y = f (x)
Ha3elBaeTcsa go3pacraroujell xa npomexxkyTxke X, eCau AJA JNTIOOBIX
Xy B X u3 X, Takux, 4YTO X; << X2, BBHINOJHSAETCS HEPaBEHCTBO
f(x)<f(x;). ®Pynrmua y=f (x) HasbIBaeTcs Ybbiéaloweil Ha MPO-
MeXYyTKe X, ecau AJA JIOOBIX X U X2 u3 X, TaKUX, YTO X| << X2,
BRIITOSIHSIETCA HEPABEHCTBO f (x,) > f (x2). MubiMu ciiosamMu, GyHKIHUSA
BO3pacraeT (y6niBaer) Ha nmpoMexkyTKe X, ecad KaKkue Obl fBa 3Ha-
9€HMA aprymMeHra HH B38Th, OOJIbIIeMy 3HAYEHHI apryMeHTa
COOTBETCTBYET Gosnbllee (MmeHbLIEE) 3HaYeHHe byHKIIUH
(puc. 14, 15).

IIp ume p. Uccaegosats Ha BO3pacTaHUue HJIH yORIBaHHe D yHK-
IoIuw y—=2x -+ 3.
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Pemerue IlycTh x| 1 X2 — ABe NIPOU3EOJBHEIE TOYKH YUCIIO-
BOM NpAMOH, Taxkmue, 4TO X; << X Torga mo CBOMCTBAM UMCIOBLIX
HepPaBeHCTB (cM. 1. 24) umeem 2x, << 2x,, oTKyZa 2x, 4 3 << 2x,+ 3,

T. €. f(x1)<f(x2).
JTO 3HAUYMT, 4YTO GdyHKUus Yy=2x-+3 Bospacraer Ha Becell

YHCJIOBOH NPAMOIA.




[image: image9.png]71. IipaMaa NpONOCPIHUOHAJIBLHOCTD. IIpamoii nponopuyuoHalb-
wocTblo Ha3mIBaeTCd GYHKIMA, 3afaHHAA dopmyJoit y=£kx, rae
k= 0. Yucno k HasbBaeTca KOIQQPuYyueHTOM npOnOpYuUOHaLbHO-
CTU.

[IepeuucIUM CBOHCTBA QYHKUMH Y = kX.

1) O6sacTh ompefesieHus GYHKIUH — MHOMXECTBO BCEX JencrT-
BUTEJBLHEIX YHCeJ.

2) y=kx — HedyeTHad (QYHKUUSA (f(—x)=k(—x)=—kx=
—_ — X))o

3) IIpu k>0 &yrruusa BO3pacraer, a IIpH k<0 yoObiBaer
ga BCel YMCJIOBOMH IIPAMOM.

T.3.1. I'paduxoM npAMOil NPONOPLUUOHATILHOCTH y=kx aABna-
eTca NpAMas, MPOXOAAMAS dYepe3 HAYAJIO KOODAUHAT.




[image: image10.png]Ha pucynke 18 wusobpakeH rpadux GyHKIHHK y=~Fkx npmu
k>0, a na pucyrxe 19 — rpadpux bynxuun y=*kx mnpu k<0,

II pu M e p. Ilocrpouts rpadux byuxuuu y= 2x. ‘

Pemenue. Mw 3HaemM, 4To rpadHKOM sBIgeTcs npamads,
nIpoxoAAmlas Yepes Ha4valio KoopAuHaT. IIna ee mocTpoeHUs mocTa-
TOYHO HAWUTH OAHY TOYKY rpadHKa, OTIMUYHYIO OT HA4aa KOODIH-
HaT, ¥ IIPOBECTHU NPAMYI0 Yepe3 HavaJo KOODAUHAT U HaiifleHHYIO
TO4YKy. B Kauecrse Takoit Touku BeIGepeM Touky (1; 2) (ecim x =1,
TO y=2+1=2). I'padur PyHKuMu y=2x usobpa’keH Ha PHUCYH-
ke 20.

72. JImneiitnaa ¢ynxuna. Juneiinoli ¢Qynryueii HasniBaeTcs
bYHKIUA, KOTOPYIO MOMKHO 3aJaThk (OpMYyJoi y=kx-+ b, rae
k u b — pelicTBuTennpHble uucaa. Eciu, B yactHocTH, k=0, TO
IIosryyaeM IOCTOAHHYI0 (yHKUIMIO y=>; ecau b=0, To momay-
JaeM NpAMYIO MPONOPLUUOHAJIBHOCTE I = RKX.

Ilepeuucaum cpoiictBa JsauHeiiHOH GyHRuMM y=Fkx+ b Ipu
k+0, b=£0.

1) O6nacte onpeneneHus GPyHKIMHM — MHOYKECTBO BCEX neiicrt-
BUTEJIBHBIX 4YHCEJI.

2) Pynxuusg y=~kx -+ b HM 4YeTHa, HU HEUETHA.

3) lIpu k>0 ¢ynkuusa Bospacrtaer, a npu k<0 y6riBaer
Ha Bced 4YMCJOBOH NpPAMOIA.

T.3.2. I'padurom suHeiiHo#t dyrKuMH y=Fkx+ b sBasercs
npAaMas.




[image: image11.png]Ha pucynxe 21 usobpaxen rpadpux GpyHKUHAMH y=kx-+b. 9ro
IpsAMasd, napajiejgbHad NMPAMOM, cayxauleid rpaduxom GyHKIHUHK
Yy =kx, u npoxogsamasa 4depes Touky (0; b) Ha ocu opamMHAT.

Hucno k HaswiBaeTcA Y2zA08biM KOIPHUYUEHTOM NPAMOl, OHO
PaBHO TAHTEeHCy yIJjla & MeXAY IPAMON U IOJIOKHUTENbHBIM JIyYOM
ocu x, T. e. k=tg a.




[image: image12.png]Puc. 21 Puc. 22

IT p ume p. Iloctpours rpaduk pyHKUUU Yy = -—%—l— 4.

Pem enue I'pabdukom suneitnoit GyHKRIuUM ABIseTCH npda-
Mad, a AJA IOCTPOEeHUS MNPAMOH JOCTATOYHO 3HATH JBE TOYKHU
rpaduka. 3amoJaHUM TaGauLy:

x 0 4 o
Y 4 2
(aprymenty x panu 3HauyeHusa O u 4 u mo dopmyJe y= —-—2’5——|-4

. HalllI¥ COOTBETCTBYyIOIIHEe 3HaUeHuA Y). OTMeTHM Ha KOOpAMHAT-
Ho# myockocTu Touku (0; 4) u (4; 2) u MpoBeseM uepes 5TH TOYKH
npamyio. Ilonyuyernnaa npsamas aBasercsa rpaduxoM GYHKIHU

Y= —-12‘—-|-4 (puc. 22).




[image: image13.png]73. BzanMHOe pacnososkeHne rpaduiroB JHHeHHBIX QYHKIUH.
Ilycrs mamsl aBe JuHeHHble QYHKUMHM Y=k X+ b u y=Fkox -+ ba.
Ux rpadpuramu cayxart npamblie (cM. m. 72). 9TH IpAMBIe nepe-
cexarorca, ecau k,~ke (puc. 23). Ilpavele napaaserbHbl, eCaH
ky=Fk.. IlocnegHu# cayuaif, B CBOIO ouepelb, MOXHO pa30oUThH
Ha aBa: ecau kR =%k, u b = by, TO npamele coenadaror; ecau
Bi=Ek: u b s£=by, TO UpAMBIe napanneabHbl. U He co8nadaroT
(puc. 24).
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[image: image15.png]74. OOparHass NPONMOPHHOHAJBLHOCTE. OOparHoili nponopyuo-
L k
HCABHOCTbIO0 HA3BIBAIOT (PYHKIHIO, 3afaHKEYI0 (pOpPMYJIOH y=—

rge k==0. Yucno k HaspIBalOT KoagpuuuenTom o006parHoll npo-
NOPUUOHANBLHOCTU.

. k
Ilepeuyucaum croiicTBa PYHKIUH y=—.

1) O0nacTh OnpeaeieRus — MHOMKECTBO BCEX JeHCTBHUTEJbEBIX
YUCEJI, KpOMEe HYJA.

2) y_—_%- — HeueTHAd OGYHKIUA (TOCKOJABKY f (—x)=-£’i;=
.k __
= —L=—f()

3) Ecaum k>0, To dbyHruusa y-—:-—z— y6uIBAET Ha NHPOMEXYTKE
(0; + o) u Ha npomexyTKe (— oo 0). Ecau k<< 0, o dbyuxuusa
y=— BO3pacTaeT Ha mpoMexyTKe (— oo; 0) M Ha NIpoOMeXKyTKe
(0; + o). .

IIoc'rponM rpaduk GyHKUHHK y=-—. CrauaJjia IIOCTPOMM BETBBb

rpadura Ha npomexyTre (0; + oo). CoctaBuM Tabiauny 3HaUEHHH
byHKIHHT:

1 1

1 1
2 — el
Y 4 1 5 7

HaneceM 1oJiyueHHBIE TOYKH HA KOOPAMHATHYIO IIJIOCKOCTBH
U COeAMHUM HUX IJaBHOIi KpuBo# (puc. 25,a). ITo u 6yJeT BETBb

rpadura GyHKIUHU yz—}c— Ha npomexyTke (0; -+ oo).

1
Bocnmob30BaBIUIMCh HEYETHOCTBIO (PYHKIUU y=—

, J00aBHM
K IIOCTPOEHHOI BEeTBH BETBb, CUMMETPHUYHYIO €i1 OTHOCUTEJILHO Ha-

yasa KoopauHart. Ilonyuum rpadpuxk QyHKIUH y=-al;- (puc. 25, 6).
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L k .
AHnanmoruulslili BUI UMeeT rpadHuK QYyHKIUH y =-— Tnp# JIIO00M
nonoxkurenpbroMm k. Ha pucynxe 26 wusobpamker rpadukr PpyHK-
2

Ecau k<<0, TO BeTBHM rpadpuxa o00OpaTHON NPOIIOPIMOHAJIL-
nocTu pacroioxeHsl He B I u III koopaMHATHBIX yrJjax, KakK E
caydae, Korga >0, a Bo II u IV. Ha pucynke 27 nsobpaxeHnl
rpaduxu GpyHKIIHHN

_ 1 —_2
Yy=——»> ¥y=—7
I'pabur 06paTHOM NPOIOPUUOHAJBHOCTH y=-—£— Ha3bIBAIOT 2U-
nepboaoii.
YA YA
y=x’
y=-%
7 /
1 7
Y="x
Puc. 27 Puc. 28
. |




[image: image17.png]75. ®@ynxnna y—=x°. Ilepeuncaum csoiicTBa PyHKIHU y = x’.

1) 06JIaCTL onpeneeHUss (PYHKIUMH — BCHA ‘IHCJIOBaH npsaMasd.
2) y=x" — uerHas pyuxnua (f(—x)=(—x)’=x"=f(x).
3) Ha npomexxytre [0; + o) pyukuusa soapacraer.

B camom gese, ecau 0<Cx, <Xy TO Xi< X}, a 9TO M O3HAUAET BO3PaCTAHHE
byuxnun (cm. n. 69).

4) Ha npomexytke (— o ; 0] pyuxkuusa y6uisaer.

B camem nere, ecsu X <x<0, To —x;>— x>0, a motomy (— x,) >
>(—x)°, T. e. xi>x3, a sT0 M oO3HayYaerT yGNBaIme dyurauu (cm. . 69).

I'padburom ¢yHKRUHH Y =x’ saBiasgerca napabora (cMm. 1. 66).
droT rpaduK mM300paikeH Ha pucyHke 11.

76. ®ynrnua y=x°. Ilepeuncaum csoiicTBa GYHKIHH Y= X°.

1) O6smactp omnpenesieHHSA (PYHKLUHH — BCA UYHCIOBAafg IpAMAad.

2) y=x° — HeuerHaa QyHKIHA (f(—x)=(—x)=—x’=
= —f (x)).

3) PyBRKIHA y——x3 Boagac'rae'r Ha BCE€Hl 4YHWCJOBOH IIPAMOM.

I'padur byrruum y=x" muszobpaxeH Ha pucyrke 28. OH Ha-
3eIBaeTCA Kybduueckou napado.nozi.




[image: image18.png]77. CrenenHasg GpyHKIHA C HATYPAJbHBIM mokKa3aresieM. PyHK-
nusg y=2Xx"', TAe n — HaTypaJbHOE 4YHCJIO, HA3BIBAETCA CTeneH-
HoOU (yHKyuell ¢ HarypalivHuim noxasatenem. Ilpu n=1 nomuy-
yaeM (QYHKIMIO =X, ee CBOicTBa paccMOTpeHBI B I. (1, a rpa-
bux (npamaa auHMA) uzobpasker ma pucyHke 10. Ilpu n=2
nosiyuaeM (QpyHKIMIO J = X°, ee CBOMCTBA PACCMOTPEHEHI B I. 75, a
rpaguk (mapaboiia) uzobpasked Ha pucyuke 11. IIpn n=3 nony-
yaeM GYHKIHIO y=X’, ee CBOiCTBAa pPACCMOTpPeHH B . 76, a
rpadpurk (KyOmueckasa mapabosa) u3o0OpaxkeH Ha pHCYHKe 28.

IIycTe n — mpoM3BOJIbLEOE YeTHOE HAaTypaJIbHOe YMCJIOo, Oosbliee

-1 0

Puc.

Y

29

nByx, n=4, 6, 8, ... . B sTom
cayudae QyRKUua y = x" objsaja-
eT TeMH e CBOHCTBaAMH, YTO H
byuruna y = x°. I'padux raxoi
GbyHKIIMM HaoOMKHHaeT mnapabo-
Ay y=x’ (TOJIbKO BETBH rpadu-
ka 1pu |x| >1 Tem Kpyue HAYT
BBepX, yeMm Oosblue n) (puc. 29).

Ilycrs n — IPOMU3BOJIBHOE
HeYeTHOE YUCJIo, Oonblilee TpeX,
n=25, 17,9, ... B srom canyuae
byHKIuA y =Xx" obsajzaer TeMH
JKe cBOIicTBaAMHU, YTO H GYHKUHUA
y=x°. Tpadux Taxoii GyHKIUU
HamOMHHAaeT KyOHuUecKyio mapa-
6ony (TOJBKO BeTBH TrpadHuKa
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Puc. 30 Puc. 31 Puc. 32

TeM Kpyde HAYT BBepX, BHM3, ueM Goxabwe n) (puc. 30). OrmeTnm
raxkke, 4ro Ha npomexkytke (0; 1) rpaduk cremeHHOl GyHKIUU

Yy =x" TeM MeaJICHHee oTaajadgeTrca or OCH X ¢ poCToM X, YeM 60J1b-
e n.

78. Crenemnas PyHKIHS C LeJbIM OTPHIATEJNBHHIM IOKA3a-

tesxeM. PaccMoTpuM QyHKIUO y =X~ ', rle n — HaTypaJIbHOe 4icC-

— 1 . o

g0. Mlpu n=1 nonyuvaem y=x""' mau y=-—- CaoiicTBa 3TOH

byHKIIEM paccMoOTpeHHI B NI. 74, a ee rpadukr (rumepbosa) u306-
paxXeH Ha pucyHke 25, 0.




[image: image20.png]IIycte n — HedeTHOE 4YUCJIO, GoJbliee eAUHULLl, =3, 5, 7, ... .
B sToMm cayyae GyHKUUS y-—=x " 00JIaiaeT B OCHOBHOM TEMH e

n

CBOMCTBAMM, 4YTO M (PYHKIUS yz—i—. I'pacbux bysxmum y=x"

(n=3, 5, 7, ...) HanomuHaeT rpadur GpyHKIUH y=—i— (puc. 31).




[image: image21.png]Ilyetse n — ueTHoe umcyo, Hanpumep n=2. Ilepeuucaum

— 1
2 7. e. QYHKIHUH y=—

1) ®yuxnus onpefesieda npu Bcex x = 0.

CBOMCTBA (PYHKIHUU Y =X

2) y =—17 — yeTHasaA QYHKIUA.

3) y———— yoniBaer Ha (0; + oo) M BospacTaeT Ha (— oo; 0).
TeMmu ke cBOiicTBAMU 06Ji1aZaioT JI06ble PYHKIIMHA BUAA =X "
IIPHU YETHOM 71, 0OJIbIIIEM JHABYX.

I'pacdbux byHKIUH y=;1¥2— n3zobpaxxer Ha pucyHke 32. AHa-

JIOTHYHBIH BujA uMeer rpaduk QyHKIMU y=x" ", ecau n=4, 6, ... .




[image: image22.png]79. OyHxnnsa y=\/— . Ilepeuncaum cBoiicTBa PYHKIIHU y=\/§.
1) O6nacrs ompepenenusa — ayd [0; 4 oo). Iro caeayer wus

TOr'0, YTO BBIpasKeHHEe \/5 onpejseJsieHo Jumb npu x =>0.
2) DOyuKIHA y=\/:7c HU 4YeTHa, HU HedeTHa.
3) PyrKIUA y=\/§ Bo3pacTaeT Ha Jyue [0; -4 oo).

B camom pgese, nmycts 0<C x; << xo. JlokaskeM, 4TOo TOTZa x/a_cT <\/3c;. IIpenmno-
JIOKUM TNPOTHBHOE, T. €. 4TO /x; >+/%;. Toraa (vx1)? =>(+/x2)* (cM. cBoiicreo 9°
YHCJIOBBIX HEpPaBEeHCTB, M. 24), T. e. X =>X2, a 3TO INPOTHBOPEYUT YCJIOBHIO. 3Ha-
YHUT, Hallle TPEeATIOJIOKEHe HEBEPHO, a BEPHBIM ABJISETCA HEPaBEHCTBO \/5c—1 < \/Z;

Ans nocrpoerus rpadura cocTaBuM Tabauny sHadeHuil GyHK-
11878 5

x 0 1 2 4 9

y 0 1 1,4 2 3

HaHeceM mnmosyuyeHHBble TOYKM HA KOOPAUHATHYIO IIJIOCKOCTh H
COeIMHHUM MX NaasHON Kpusoil. [Tonyuum rpadur GyHKIMHU Y ——-\/Ic
(puc. 33).

80. ®yaxmua y =3/x. Ilepeuncaum csoiicTBa yHKIHM y=3/x.

1) O6nactp onpepenerua GpYHKIMM — BCA YHCJIOBAsA IpaMad.

2) ®yuxnusa y==3/x Heuerna, rak rak i/ —x= —3/x.

3) PyHKIUA y——-%/;c BO3pacTaeT Ha BCE€Hl YHCJIOBOM NIpAMOIL.

Hdna nocrpoeHusa BeTsu rpaduxa npu x>0 cocraBum Tab-
JULY 3HaYeHuM PYHRIUMU y=%/— :

x 0 1 4 8

y 0 1 1,6 2

Hanecem mnosydyeHHBIe TOYKM HA KOOPAHMHATHYIO IIJIOCKOCTH M
COeIMHUM HX NJAaBHOM KPHMBOU; 3aTeM K IIOCTPOEHHOH BETBH MO-
6aBUM BeTBb, CHMMETPHUYHYIO eif OTHOCHTEJIbHO Havuajla KOOpAHHAT.

Ilonyyum rpadur GyHRIUH y=*°’\/;c (puc. 34).

YA YA
y

'l:il

~
~

>
\

07 8 X

Puc. 33 Puc. 34
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Fé y=Vx
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Puc. 35 Puc. 36

81. Oynrnna y=V— . IIpu uverHoM n dbyHruus y="~4/x o6na-
oaeT TeMH JKe CBOMCTBAMH, 4TO H (GYHKIUSA yzx/a_c cM. m. 79),
u rpadux ee HanmoMuHaer rpadbux yuxumum y=-/x (puc. 35).

IIpu HeyeTHOM 7 (DYHKIMSA y=%/3_c obJjlalaeT TeMH e CBOMCT-
BamMu, 4yTo M GyHKmua y=3/x (cm. m. 80), u rpadur ee Hamo-
munaer rpabux byHruuu y=3/x (puc. 36).

82. Crenennaa QyHKIHUSA ¢ HOJMOXKHTEILHLIM NPOOHBLIM IIOKA3a-
Tejdem. PaccMorpuM QyHKUHUIO ¥ =X, rge r — MOJOXUTeJbHAaS
HecokpaTumasa Apobn. Ilepeuncsium cBo¥cTBa 2TOM DYHKITHMMU.

1) O6nacrtey onpemenenusa — ay4 [0; + oo).

2) dyHKIUA HM 4YeTHAsd, HU HeueTHAad.

3) ®ynrumua y=x" Boapacraer Ha [0; + oo).

%)

—

Ha pucyHke 37 usobpaxcen rpabux byExnum y=x 2. OH 3a-
KJIOYeH Mex Ay rpadbuxamu byHRUui y=x° u y=x", 3aJaHHBEIX
Ha npomexxyTke [0; 4+ oo).

ITopoOrEIit BuA MMeeT rpadukr J060i (pyHKIHM BHAa y=x',
rpe r>1.

2

—

Ha pucyuxe 38 msobpaxen rpabuk dbynxmuu y=x °. IToxo6-
HBIA BuJ HMeeT rpadux Ja1060il crenmeHHON GyHKuuu y=2=x', rge

O0<r<l.
YA )’T
7 Y=x§
! =7
0 7 r °X
Puc. 38 Puc. 39





[image: image24.png]83. Crenmermas ¢yHxmua ¢ orpmmarejbHBIM APOOHBIM HOKA-
sareaeM. PaccMoTpum QyHKNuio y=x"', rge r — moJIOXHUTEJb-
Hasdg HecokpaTuMmasa Apobr. Ilepeuncsum cpoiicTBa 3Toil QYHKIUAH.

1) O6nacts onpenenenus — npomexkyTok (0; -+ oo).

2) OYyHKIMA HH 4YeTHas, HU HedeTHad.

3) ®yrumua y=x"' y6mBaer Ha (0; + go).

.l

Iloctpoum pansa npumepa rpadHr PyHKIUH y=x_ Cocra-

BUM TaOJUIly 3HAYEeHHH GYHKIIUU:

1 1
) T 1 4 9

1 1
Y 3 2 1 1 =

Hanecem mosydeHHBIe TOYKM HA KOOPAHMHATHYIO IIJIOCKOCTH H
COeIMHHUM HX IJIaBHOM KpuBOi (puc. 39). Ilomob6ublii BUxA HMMeeT
rpaduk ao6oit pyHKnuUM y==x', rie r — orpunaTreJbrHas Apo6b.




[image: image25.png]93. Mocrpoenne rpadpnka oGysxman y=mf (x). Pewum
HECKOJIBKO 3ajaad.

3dangauva 1. Iloctpoure rpadur byHKuMu y=mf (x), rae
m=>0, m==1, ecnu 3agan rpadur GpyHrumuu y="71 (x).

Pemenue Opaunarsl Touek rpadpura GyHruuu y=—mf (x)
IIOJIy4alOTCA YMHOMKEHHEM Ha M COOTBETCTBYIOIIHX OPAMHAT TOUEK
rpagpuxa ¢ysknun y=7(x). Taxkoe mnpeo6pasoBarxme rpaduka
$yHERIUN y=f (X) HassIBaeTCsa €ro pPACTANCEHUEM OT OCU X C KO-




[image: image26.png]appuyuenrom m, ecaH m > 1,
u cxcaruem K ocu X, €eclH
O<m<1.

dagaua 2. ITocTpouTsh
rpaduk ¢GyHKIUH Y= —f (x),
ecad 3azaH rpaduxk GyYHKUIUHU
y=f (x).

Pemeunune. IIpyu ogHOM H
TOM € 3HAa4YeHHH X OPJAMHATHI
ToueK rpauka GYHKUUH Y=
=f(x) u dyuxmum y= —f (x)
y=—F(x) OTJIMYAIOTCS TOJBKO 3HAKOM.
3HauuT, rpaduK QYHKUUUA Y=
= —f (X) MOXHO MOJIy4YUTb H3
Puc. 52 rpadura y=f (x) npeo6pasosa-
HHUEeM CHMMETPHH IIOCJEeLHEero
OTHOCHTEJbHO OocH X (pHuc. 52).

Bagaua 3. IMoctpours rpadux ¢GyHxuuu y=mf (x), rge
m<<0, m==—1, ecau 3azan rpaduxk GyHRIUR Y={(x).

Pemeunue. Tax xak mf(x)=—|ml|f(x), To rpadux
byaxuuu y=mf (x) MoKeT OBLITHL IIOJIy4YeH NPH INOMOILU paCTA-
smeHus (cxxkartusa) rpadbura GyHrmuu y=7(X) OT OCH X C
KoadPuimeRTOoM |m| M mocieaylomum npeobpasopaHueM CHMMeT-
DHM OTHOCKTEJBLHO ocu X (cMm. 3azauu 1 u 2).

Ha pucyHke 53 usobpaskensl rpadburxu ¢yrrpuid y=10" u
y=—10"

Ha pucynrke 54 wusobpakeHsl rpadbukum GyHKmuit y==x' u

= — 3x".
Y Ha pucyHke 55 wusobpakeHnl rpadpuxkn oyHrnuit y=logsx

A
Y

1
" yz-z—' 1og2 X.

Puc. 53 Puc. 54 Puc. 55

4
YA ) yA Y= YA
y=10 y={0g,X
7 7 Z =-2/-[0g2X
7
A N A _
\0 X X 0 ] 2 3 4 X
-] _," A
yz—/0x KA y__:_gx‘/
. -3 J
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94. I'paduxn bysxmuit y=ax’, y=ax’. I'padpuxom byHKUHH
y=x’ aBngerca mapabosa. Urob6m mocTpouTs rpadux GyHKIUH
Yy =ax’, HYXHO OCYILI[ECTBUTb pacTsKeHHe (c)KaTHe) NapabGoJLl
y=x% or ocu X ¢ Roacbd)nunen'rom la|; npu srom ecau a<<0, To
rpaduk GyHKIMM y= |a|x’ HyKHO elle HOJBEprHYTh Ipeobpa3o-
BAHUIO CUMMETPHH OTHOCHTEJBHO ocH X (cm. m. 93).

Ha pucyrke 56 msobpaskeHb rpaduky (pyHKIUU y=ax’ pna

1
a, pasHoro 1; —1; 3; — 5 Bce stu rpadukm Ha3pIBAlOT na-

paboaanu. Tlpu a>9 Bersu mnapabGosbl, ciaykaiueil rpadpurom
byHKINK Yy =aXx’, HanpaBJIeHEl BBepX, a IpH a<0 — BHUS,

AHasioruuno, 3¥asi rpaduK GYHKIUHH J = X°, MOKHO IIOCTPOHUTE
rpaduk pyHKmUM Buza y=ax’. Ha pucyHRe 57 wu300pa’KeHbl
oTH rpaduKu LA ciaydaeB a, paBHoro 1; —1; 3.

95. Hocrpoenne rpadpura byEknum y=f (x—m)-+n. Ilycts
u3BecTeH rpaduxk PyHxuum y =/ (x), a HOCTPOUTH HYKHO rpa-
bux pyurmuu y=7 (x—m)+ n.

IMonoxum x'=x—m, Yy =y—n. Torga dopmyny y=f(x—m)+n, unmm,
YTO TO Ke camoe, Yy —n=/[f(x — m), MoxkHO Hepenucartb B BHie Y =f (x’). Takum
obpazom, rpabux ¢yHxmuH y=f(x— m)+n, NOCTPOEHHLI B KOOPAUHATHOMN
IUIOCKOCTH XY, cOBIagaer ¢ rpadpuxoM GyHxuuu ¥y’ = f(x’), TOCTPOEHHLIM B KOOPAH-
HaTHOM niaocxacerir ¥ u’.




[image: image28.png]dopMynu X' =x—m, y =y — N, HJIHK, YTO TO Xe caMoe, X=X —+—m, y=Yy T1n
3a7al0T HapaJUIeJILHBIH MepeHoc, IpH KOTopoM JioGasd Touka (X; Y) Hepexoin:
B TOuKy (x-+m; y-+n) u, B UYaCTHOCTH, HAYajJ0O KOOPAWHAT IIEPEXORUT E

TOUKy (m; n).

Y1066l moCTpOouTh rpadur pyHxuuu y =f (x — m)-+ n, KyXHO

1) BBITOJIHMTH MAapaJjijeJbHbIH IepeHoC NJIOCKOCTH, BEIOpaB Ha
YyaJIOM HOBOU cHcTeMbl KoopAuHAT X'y’ Ttoury O'(m; n);

2) B naockoctu X'y’ moctpoutrh rpadur ¢pyHrumm y’ =f (x’)

II puMme p. Illoctpours rpadux byrxmuM y=-/x — 24 4.

PemeHue 1) BelmosHUM napaJjjebHBIH IepEeHOC ILJIOCKO
CTH, ITOMECTUB HAuyaJ0 HOBOM CHCTEMBI KOODAMHAT X'lY’ B TOUK)
O’ (2; 4).

2) B ninockoctu x’y’ nocrpoum rpadur GyHxUUH y’———-—\/:;’
910 U ecTh TpebyeMulif rpadpur (puc. 58).

Ha pucynke 59 usobpaxkennl rpadburu byHrnuit y =7£ (x), y =
=f(x)—2, y=f(x)+ 3, a Ha pucyrxke 60 — rpadurn QyHKIHUI
y=f(3f), y=f(x_2), y=f(x+3)




[image: image29.png]96. I'padux xBanparmunoit ¢ymxmum. Keadparuunoii Ha3bI-
BalOT (YHKIHMIO, KOTOPYIO MOKHO 3ajaTh (GopMyJoil Buja Y=
—ax?’+bx-+c, rae a, b, ¢ — mMoO6GBle AeHCTBHTENLHBIE dYHCJIA,
npuuem a % 0. {na mocrpoerus rpaduka 3Tod (PYHKIUH BBINOJ-
HUM CcJeAyiolliMe npeodpasoBaHusa (HasbIBaeMble «BbIJeJIeHUEM
IOJTHOTO KBajpaTa») KBaJpaTHOro TpexudeHa ax’ -+ bx 4 c:

ax’+ bx +c=a (x2—|—73—x) +c=a ((x2+ 2--2% x—!—f&—.;) —
b2 b\> b’ b\2 b’
-——) +c=a ((x—l——z—g vy +c=a (x +§Z) _ZZ+C=
b
2a

4q?
2 2
4ac—b
o) et

+ 4a
HUrak, y:ax2+bx+c=a<x+§%) + "

a
2
4gc — b?

YA YA YA

- \
=VX-2+4 y=r()+3 N2 s 9
y 3 / D55
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Puc. 58 Puc. 59 Puc. 60
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Puc. 61 Puc. 62 Puc. 63

2 Y
IIns nocrpoenusa rpadbuxa GyHKIHH y=a < x+ 5%" ) _I_4ac; = b

HYXHO (cM. m. 95) BBIIIOJHHUTH NapaJJelIbHBIA IePeHOC IIJIOCKO-
CcTH, IIOMECTHB HAauaJ0 HOBOM CHCTEMBI KoopAuMHAT X'y’ B TOYKRY

’ b dac—b? Car? !
O ——; ———), u B mjaockoctTu x’y’ mocrpouTh napabony —

2a’ da
rpabur Gyuxuuu y’ =a (x’)°. IIpamaa x= '"'é% Ha3bIBaeTCA
OCbI0 CcuMMeTpuu napaboasl, Cayxalleit rpadHKoOM KBajpaTHy-
Hoit Gyuxnuu y=ax’+bx-+c, a TOuKa O’(—E%, f?.‘.‘ﬁi.ﬁi) —

TOYKA IepecedeHHA mnapabosibl C ee OCBIO CHMMETDHH — HA3BI-
Baercd @epuluHoil napaboitl.




[image: image31.png]Ecau a >0, To BerBu napaboJiibl, cayxalied rpa@uKoM (QPYyHK-
uun y =ax’+ bx-+c, sanpasienn BBepx (puc. 61); B sTOM CIIy-

b
yae (yHKIIUA yOBIBAeT HaA IIPOMEXYTKE (——oo; "EZ{] H BO3-

b
pacTaeT Ha IIPOMEXKYTKe [——-27; + oo). Ecnau a <0, TO BeTBH Ia-
pabospl HanmpabJieHBI BHHU3 (puc. 62); B sTOM ciaydae QYHKIUSA

b
BO3pacTaeT Ha IIpOMeXKyTKe (—oo; *"22{] U yOmIBaer

b
Ha IPOMEXYTKe (-——-27; -+ 00).

IIpumep. Hocrpours rpabux GyHKIUH Y :_—;—x"’-{- 4x -+ 5.
Pemenue. Wmeem y=—§—x2+4x+5=—%—(x2+8x)+5=
==—:13—((x2+8x+ 16)——16)+5=-i—-(x+4)2-—3. BrImosiHUM mnapal-

JIeJIbHBIM IIepeHOC IIJIOCKOCTH, IIOMECTHB HauaJlo HOBOM CHCTEMEI
KoopauHat X'y’ B Touky O’ (—4; —3), H IOCTPOMM B KOODAH-




[image: image32.png]HaTHOM IJOCKOCTH X'y’ nmapa6ony — rpadux QyHKUuM y’ = —é— (x”)2.
ITO U ecTh rpaduk PyHKIUH y=—;—x2—|- 4x 4+ 5 (puc. 63). |

97. Cooco0Omnl TOCTPOeHH T rpadrKa KBaApPATHIYHOH (YHKIHH.
I'padukom byuxuum y =ax’+4 bx-+c, rae a0, asagerca napa-
6osma (cM. 1. 96). [Ina ee moCcTpoeHUA Ha MPAKTHKE HMCIOJIbL3YIOTCSH
TPU cmocoba.

IlepBHi#t cnmtoc o0 — orvickanue KoopluHar 6epuluHbl Na-
paboavt no gopmyaam

b . 4ac—b?
o= "o Vo=

Hpumep 1. Iocrpours rpadux byHxuuu y=2x2—4x4 1.

Pemenue. 3gecb a=2, b= —4, c=1. 3Hatm'r Xo= —E(?g—
4ac — b?

=1, Yyo=—p—=—1. Hrax, (1; —1) — Bepuimea mapa6oJbl.

Yepes Tourky (1; — 1) mpoBoguM och cummerpum mapabonasl. Ins

IOCTPOeHUA rpadHKa Hajgo 3HATH KOOPAMHATHI elle HEeCKOJbKUX
TOYEK :

x 0 2 3

y 1 1 7

OTMeTHB BepHIMRY napabosibl, IMOJy4YeHHBIE TOUYKHM M TOYKH,
CHMMETPHUYHbIe MM Ha KOOPAMHATHON IIJIOCKOCTH, CTPOHMM Tpe-
Oyembrii rpapur (puc. 64).

YA y=2x24x+1 YA y=xX4x+5 YA
7
A B8
y=5 4
a W70 ) e (i
101N/ 3 & ol 2 4 x 0|t 3 5\ x
..51
y=-x%+6x-5
Puc. 64 Puc. 65 Puc. 66





