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IUTCA ORHA HOBAas NepeMeHHas TOJBKO JAJS OLHOro ypaBHEHHUSA
cuCcTeMBl; 2) BBOAATCH ABe HOBBIE IlepeMeHHBle cpa3y AJA o6ouX
ypaBHEeHUIA.

IIpumep 1. Peumiuts cnc'remy{ -;——l-%=—lé?l ,
x+y=>.
x y 1
Peme Hue. Ilonoxum —y—-=z, TOrAa - -=-— M [epBoe ypas-

13
6
HeHHe OTHOCUTEJILHO HOBOIl IepeMeHHOH 2:

62°—1324+6=0, oTkyza

2 3
Z1=73" 2=

1
HEeHUe CUCTEMBI IIPMMET BUJ z+—£—= . Pemmmum monyueHHoe ypas-

o X
Takum o6pasom, JHOO 5 =3 T. e. Yy=—, Jubo — =7

2x
To e. y='_3"o

Wrak, TepBoe ypaBHEHHE 3alaHHOH CHCTEMBI Paclayioch Ha ABa

3x 2x
ypaBHeHHH: y=—2—' u y=—3;" R B coorBeTcrBHMH C 3TMM HaM IIpen-

CTOUT Telnephb PEelIrTh ABE€ CHUCTEMBI.

N3 mepBoii cuCTeMhl HAXogfuM x=2, y=3, U3 BTOpOM X =3,
y=2.
OrserT: (2; 3) u (3; 2).

IMIpumep 2. Pemiurh cucTreMy ypaBHEHHH

{x"’+y2+x+y=32,
xy+ 2 (x4 y)=26.

Pemenue. IHonoxum x+y=u, xy=v. Torga x’+y’=
=(x+y)2——2xy=u2——20 1M CUCTeMa NIIPDHMET BHJ

u’—2v+u=382,
{ v+ 2u = 26. (1)

ITonyueHHYIO CHCTEMY MOXXHO PEIIHTh METOAOM IIOACTaHOBKH.
Vi3 BTOpOrO ypaBHEHHS BHIPA3UM U uepe3 u: U==26—2u, u NOxA-
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CTABMM De3yJIbTAT B IePBOe ypaBHeHHUe, moayuum u’ — 2 (26 — 2u)+
+u=32,

u’+4+ 5u—84=0,
U= -—12, IL2=7.

CooTBeTCcTBEHHO HaxXxoauM v; =50, v,=12.
Nrak, Hamau asa pemreHusa cucremsr (1):

{u1=—12, " {U/z—“‘—"7,
01=50 Uz=12.

BosBpamaacxa K HCXOJHBIM II€epeéMeéHHBIM, IIOJYYHM JABe
CHCTeMXEl.

{x+y= —12, { x+y="1,
xy =>50 xy=12,

KAy H3 KOTOPBIX HETPYAHO PEIIHThL METOAOM IOACTAHNOBKH
(BuIpa3uB, HalpuMep, ¥ 4Yepes X M3 NepBOro ypaBHeHus). Ilepsas
cucTeMa He HMMeeT DpelieHHil, a BTopas HMeeT JABa pelleHHUd:
(3;4) u (4; 3). OHu u OGyZyT pelIeHUAMH MCXOAHOH CHCTEMBI.

122. I'pacdmueckoe pemeHHe CHCTEM ABYX ypPaBHEHHH C ABY-
MA nepeMeHHBIMH. {71 Toro 4ro6sl rpadHYeCKN pPEeUIUTh CHCTEMY
IBYX ypaBHEHUK C ABYMSA IEePeMEHHBIMU, HYXKHO B OLHOM CHCTEMe
KOOPAUHAT MOCTPOUTHL rpadMKH ypaBHEHHI MU HANWTH KOOPIAMHATHI
TOYEK NepeceYeHus 5THUX rpadHKoB.

IIpumep 1. Pemiuts rpadpuyecku cucremy JHHEHHBIX ypas-
HEHHH

{ 3x 4 2y =35,
2x —y=S=8.

Pemernue Ilocrpoum rpadur ypasHenus 3x-42y=5 mno
ABYM TodkKaM, Hanpumep (1; 1) u (3; —2) (puc. 75).

Ilocrpoum rpadux ypaBHeHus 2x —y =8 mo Toukam (0; —8) u
(4; 0) (puc. 75).

IlonyyenHsle MpaAMBle He MapaJjijlesIbHBI, X IepeceUeHHEeM CJIy-
XUT Touka M (3; —2). 3wauut, (3; —2) — pemeHue BzBamaHHOIL
CHCTEMBI.

IIpumep 2. Peiutsh rpadHUYeCKH cHcTEeMY ypaBHEHMH

{ x®+y*=25,
xy=12.

Pem e nue. 'padurom ypaBueHus x°+4 y’>=25 asnserca ox-
PYXXHOCTh ¢ NLEHTpOM B Hauajle KOOPAMHAT M pajnycoM, pas-
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HeiM D. T'paduxom ypaBHenusa xy=12 gasaserca runepboja
12 .
y=— (cm. 1. 74). ITocrpous rpaduKu B OAHOH cucTeMe KOOPAM-

Hat (puc. 76), HaligeM KoopauHATH! Touek A, B, C, D nepeceueHus
OKpYyKHOCTH u runepbonsi: A (4;3), B(3;4), C(—4; —3)
D(—3; —4). 3HauyuT, pelleHHd 3aJaHHOH CHCTEeMbl TAKOBBI:

(4; 3), (3;4), (—4; —3), (—3; —4).

123. HcciaemoBaHHe CHCTEMBI JABYX JHHEHHBIX YPABHEHHH €
AByMa uepemMeHHBIMH. IlycTh maHBI [Ba JIMHEHHBIX ypaBHEHHA
C AByMA IepeMEeHHBIMH M Bce KO3(Q(HIMeHTH NIpPH NepeMeHHBIX
OTJIMYHBI OT HYJIA:

a\x+ b y=ci u axx -4 by=-co.

TpadHKOM KaXAOro U3 3THX JUHEHHBIX ypaBHEHHH sIBIAETCA IpA-

a b
mas (cMm. m. 117). Ecanu -c—l-‘-#:-l-)-‘-, TO STH INpPSMEIe IepeceKaloTcd B
2 2

(Y3 . a b C{
OAHOM TOYKe; ecJu -51—=-l-,—'-==z—, TO IIpAMBI€ COBIAJAIOT; €CJH
2 2 2

a . b) Ci
——-——-%-52—-, TO NpsaAMBIe IIapaJeJlJIbHbl U HE COBIIAZAIOT.

az b
Orciofa cienyeT, 4To cucrema 08yx JUHEUHbLX YpaéHeHUl C
Jeyma nepemernHbiMU

{ a1 x+ by+c1=0,
ax -+ boy+c2=0
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a b
umeerT eOUHCTEBEeHHOEe peuleHue, eCaU E—'—-;ﬁ;‘-,
2 2

b e

. a
umeer 6eCKOHEYHO MHO0z0 peweHUuill, ecau E—‘- ; ,
2 2 C2

ne umeer pewenui, ecau =212
a- b2 Co

Hanpumep, cucrema

{ 5x 42y —3=0,

53 2
uMeeT OJHO pellleHHe, TaK Kak —3—;&-2—. Cucrema

{ 23:—*‘1y“+-].==(L
4x —8y +3=0

He HMeeT pelIeHHil, MOCKOJBKY -a—x-—-é-;é-é-. CucremMma

{ 3x—y—4=0,
—9x+3y+12=0

uMeeT 0eCKOHEYHO MHOI'O PeileHHi, IIOCKOJIBKY

3 —1 —4

—9 3 _ 12
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115. Pemenne ypaBHeHHA C JABYMSA HepeMeEHEMH. PaccMmor-
PUM ypaeHeHue ¢ deyma nepemernvimu f(x; y)=0.

Ilapa 3sHauyeHUiI MepeMeHHEIX, obpamaoias ypaBHeHHE C ABY-
M#A IIepEMEHHBIMH B BEPHOE DPaBEHCTBO, HA3BLIBAETCS pellcHUeM
Ypaeérernusa. Ecau naHo ypaBHeHHe C ABYMSI IePEeMEHHBIMH X H Y,
TO IIPHHATO B 3aIIMCH €r'0 PellleHHA Ha IIepBOe MECTO CTaBUTh 3Ha-
YeHHe NEepeMEeHHOH X, a Ha BTOPOE — 3HAaUeHHe Y.

Tak, mapet (10; 0), (16; 2), (—2; —4) aBaAsIOTCA peEIIeHUAMH
ypaBHeHus x—3y=10. B To ke Bpema mapa (1; 5) perieHueM
YPaBHEHHNS He SABJISETCSH.

JTO ypaBHeHHEe HMeeT M APYTHe pelIeHHd. HaA uxX oTHICKaHHSA
YyAOOHO BHIDA3HTH OAHY NEPEeMEHHYIO uYepes ApPYyryio, HalpuMep
x 4epe3 y: x=10-3y. BrGpas mpoHM3BOJILHOE 3HAUCHUE Y, BEHI-
THCAUM COOTBeTCTByIoUlee 3HadeHHe x. Hampuwmep, ecom y=71,
T0 x=10+43.7=31, 3uauur, napa (31; 7) ABNsIeTCS pelleHMEM
ypaBHeHHA; ecqH Y= — 2, T0 x=10+43 (— 2)=4, snauur, napa
(4; — 2) Takke ABIAETCS pEIIEHHMEM 3aXaHHOTO YPaBHEHHS U T. A.

YpaBsHerua ¢ AByMsA INepeMeHHLIMH Ha3HIBAIOTCH DABHOCULb-
HblMU, €CIIM OHM HMMEIOT OAHH M Te JKeé pelIeHHUS.

Ana ypaBHeHH# ¢ AByMs MepeMeHHEIMH CIIPABEAIUBHI Teope-
MBI \4.1 ¥ 4.2 (cMm. n. 99) 0 paBHOCHIBHBIX npeo6pa3oBaHUAX
YyPaBHEeHUS.

116. I'padux ypaBHeHHS C JBYMS HepeMeEHERIMH. IIycTh AaHO
YPaBHeHHe ¢ AByMA nepemeHHuIMu f(x; y)=0. Ecau Bce ero pe-
IIeHusT HM300pasHTh TOUYKAMU Ha KOODAMHATHOH IIJOCKOCTH, TO
ODOJNYYHUTCA HEKOTOPOe MHOMKECTBO TOYEK IIJIOCKOCTH. DTO MHO-
JKEeCTBO HasbIBaeTcA zpagurxom ypasrenus f (x; y)=0.

Hanpumep, rpadukom ypaBHeHus y—x’=0 aBiasderca mnapa-
Gosma y=x* (puc. 11); rpaduxom ypaBHeHus Yy —x =0 gBiasercs
npamass (GMCCeKTPHCa NEepBOr0 M TPETHEr0 KOODAMHATHBIX YI-
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117. JInneiinoe ypaBHEeHHNE C ZBYMsA INepeMeHHBIMH H ero rpa-
¢dux. YpasHeHue Bupga ax-by=c, rae X, y — NepeMeHHEIe, a
a, b, c — 4ucya, HaspIBaeTCHd JAUHelUHbIM; Yuciaa a U b xasbIBaIOT-
cA K03 PuyUueHTaMUu npu nepemMeHHbLX, ¢ — C8CO00HLIM YUJLEHOM.

I'padurom Jso6oro JuHeAHOro ypaBHeHus ax -+ by =c, y xorto-
poro xorg Ol OZMH M3 K09((PHLIMEHTOB IPHU IIEPEMEHHBIX OTJIH-
yeH OT HYyJs, fiBJAfeTCA Npamas; npudem ecau b=0, To sra npa-
Masg napaJijiesJbHa ocH Yy, ecau a=0, To sTa NpaAMas napaJnenb-
Ha OCH X.

IIpumep. Ilocrpours rpadur ypaBHeHus 2x—3y= —6.

Pemeunue. I'padbuxkom »3TOro JHHEHMHOr0O ypaBHEHUS §ABJA-
eTcsa npaMas. J{na MOCTPOEHHA INPAMON AOCTATOYHO 3HATHh JBe
ee Touku. IlogcraBuB B ypaBHeHue 2x — 3y = —6 BMecTO X 3Ha-
yenue 0, monyuum — 3y = — 6, orkyna y=2. Ilogcrasus B ypas-
HeHue 2X — 3y = —6 BMecTO Yy 3HaueHue 0, moayduMm 2x = —6,
OTKyJza X = — 3.

Nrtak, Mel Hamau aBe Touku rpaduka: (0; 2) u (— 3; 0). Ilpo-
BegsA uYepe3d HUX HPAMYIO, NOJy4YyuM rpaduK ypaBHeEHS 2X —
—3y= — 6 (puc. 74).

Ecnau B nuHeiiHoM ypaBHeHHHM o0a KoadduumeHTa NpH INEePEeMEHHBIX pPaBHH
HyJI0, T. e. ypaBHeHue umeer Bup 0:-x-+40-y=c, TO MOryT NpeAcTaBHTBCA ABA
ciydas:

1) ¢c=0; B aTOM ciyd4ae ypaBHEHHIO YyROBJETBOpseT Jiobaa mapa (%5 y), a mo-
ToMy rpaduKoM ypaBHEHHS SBJSETCS BCA KOODAMHATHAA IJIOCKOCTD;

2) ¢ 0; B 2TOM ciydae ypaBHeHHE He MMEET pemleHHsd, 3HAYHUT, €ro rpadur
He CONEeDIXHUT HHA OXHOH TOUKM.
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118. Cacremsl ABYyX ypaBHEHHMH C ABYMS IepeMEHHHIMH. PaB-
HOCHJIbHBIE CHCTEeMBI. IIycTh naHBI ABa ypaBHEHHS C ABYMs Ile-
pemeHEBIMu f (X, y)=0 u g (x, y)=0.

Ecyu crasuTcg 3agadya HaWTH Bce 00Iiie pemreHuUs ABYX ypas-
HeHHH C JAByMS IIepeMEHHBIMH, TO TI'OBOPAT, YTO HAHAO PEIIUTH
cucremy ypaerenull. Kaxpas napa 3HaYeHHIl NepeMeHHBIX, 00-
pamjamplniass B BEPHCE PaBEeHCTBO KajJ0e€ YypaBHEHHE CHCTEeMEI,
Ha3bIBAEeTCHA peuleHUeM CUCTeMb. ypaBHeHHU. Peumiuth cucremy —
3HAYUT HAaTH BCe €€ PeIleHHs HJIM J0Ka3aThb, UTO HX HeT.

Y paBHeHHd, oOpasyiouiue cHucreMy, o0beSHUHSIOTCI (UTYpPHOI
ckob6koii. Hanpumep, 3anucs

{x——3y=10,
3x — 2y =2

o3Hauaer, 4To ypaBHeHMA X—3y=10 u 3x—2y=2 ob6paayioT
cCHCTEeMY.

IIBe cucTeMbl ypPaBHEHHUHN Ha3BIBAIOTCSA PAGHOCUALHLIMU, €CJH
9TH CHCTEMBI MMEIOT OAHHU H Te Ke pellerRud. KcjHu, B YaCTHOCTH,
obe cHcTeMBbI HE HMEIOT pelIeHHM, TO OHHM TaKXe CUMTAIOTCS paB-
HOCHUJBLHBIMU. IIpH pelleHMH CcHCTEMBI ypaBHeHMiI OOBIYHO 3aMe-
HAIOT HAaHHYK CUCTEeMY JApyrow#, 6oJjiee IpoCTOHM HMJIU IO KaKUM-
Au00 mpuuMHaAM OoJiee «yaoOHOW», HO PaBHOCHJLHOU IIepPBOHA-
gaJibHOI. BO3MOXHOCTL TAaKOM 3aMeHBI 00YyCJIOBJIeHA CJeAyIoliu-
MH ABYMS T€OPEeMaMH.

T. 4.5. IIycts mama cucrema ABYX YpaBHEHHU c AByMs IIepe-
MeHHBIMU. Ecam ogHO ypaBHeHHEe CHUCTEMEBl OCTAaBUTDH
6e3 m3MeHEeHMs, a JApPYroe ypaBHEHHEe CHCTEMBLI 3aMe-
HUTh ypaBHEHUEM, eMy DPaBHOCUJIBLHBIM, TO NMOJIyYeHHAsd
CIICTeMa PaBHOCHJIbHA 3aJaHHOIA.

Tax, cucreMsl

{ x—38y=10, _ { x =3y + 10,
3x — 2y =2 3x — 2y = 2

PaBHOCHUJILHEI.

Caepcreue. Eczu Kaxodoe ypasHeHUue CUCTEMbL 3GMEHUTb pas-
HOCUMbHbIM YDASHEHUeM, TO NOMYHUTCA CUCTeMA, DABHOCUAb-
Has O0aHnoil.

Tax, paBHOCHJBHBIMU OYyAYT CJeAyIOlIHe CUCTEMBI:

x — 3y =10, x =3y -+ 10,
3x—2y=2 mn __ 2
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T. 4.6. IlycTs pmama cucreMa ABYyX YPaBHEHHH C JByMs Iiepe-
MEHHBIMH. EcCJH OZHO ypaBHEHME CHCTEMBEI OCTAaBUTH
0e3 U3MEHEHHA, & APyroe ypaBHeHHe 3aMeHHTh CYMMOIi
UJIM Pa3HOCThI0O OGOMX ypaBHEHHMH CHCTEMBI, TO IIOJY-
yeHHadA cucreMa OyheT paBHOCHJIbHA 3aJaHHOM.

Tak, cuCTeMBI

{x—3y=10, ! {(x—3y)—|—(3x-——2y)==10+2,

PABHOCHJILHEI: MBI 3aMEHHJIH YypaBHeHue Xx—3y=10 cymmoii
ABYX ypaBHEHHMI 3aJaHHOH CHCTEMBI, a ypaBHeHHMe 3x —2y=2
OCTaBHJIM HEH3MEHHBIM.

119. PemeHne cBCTEM JIBYX YPABHEHHH C JAByMa IlepeMeH-
HBIMH MeTONOM noacTaHoBKH. Merold nodcraHoO6KU 3aKJIIOYaeTCH
B CJIeAYIOmIEM:

1) Oaxo u3 ypaBHeHHii CHCTEMBI IIpeobpas3yioT K BHAY, B KO-
TOPOM Y BBIpa’KeHO uepe3 X (UJau X 4depes Y).

2) IloamyueRHOe BRIpaKeHHe IIOACTABJAIOT BMeCcTO Y (UnM BMe-
CTO X) BO BTOpoe ypaBHeHHe. B pesyiapTare mojsyuaerca ypaBHe-
HHe C OAHOM IepeMeHHOMH.

3) HaxoasaT KOpHH 3TOro ypaBHEHHA.

4) Bocnmosb30BaBIINCHh BREIpAXKeHHEeM Y 4Yepe3d X (Mju X 4epe3
Y), HaXOAAT COOTBETCTBYIOIIMEe 3HAYEHUA X (MIH V).

Il pume p. Pemiuth cucremy ypaBHeHHUH

{ x—3y=10,
x%— 24y =100.

Pemenue W3 nepsoro ypaBHeHMA HaxoauMm x=3y- 10.
IHoacraBum BeIpaxeHue 3y + 10 BmecTo X BO BTOpoe ypaBHeHHE
cucremst. Ilonyuum (3y-+10)°—24y=100, oTkyaa HaXoauUM
y1=0, yo= — 4. CoorBercTBylonue 3HaYeHUA X HauJeM U3 ypas-
HeEHA X=3Y + 10. Ecom y=0,To x=10; ecim y= — 4, Tox= — 2,
Hrak, cuctemMa uMeeT Asa pemenusi: (—2; —4) u (10; 0).

120. Pemenne cHCTeM ABYX YPaBHEHHH C AByMA HepPeMEHHEI-
MH METOIOM CcJoxeHHA. Merod caoxceHus OCHOBAH Ha Teope-
max 4.5 u 4.6 (. 118). CyTh ero nmoacHuUM Ha IIpUMeEpax.

IIpumep 1. PewrnTh cucTreMy ypaBHEHHH

2x + 3y =1,

{ 3x —y=16. (1)

PenreHue. YMHOXUB o0e 4acT BTOPOTO ypPaBHEHHUSI CHCTe-
MEl Ha 3, IOJIYYUM CHCTEMY

2x+3y=1,
{ 0x — 3y — 48, (2)

PaBHOCHJIBHYIO HaHHO# mo Teopeme 4.5.
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CaoxuM Tenepp o06a ypaBHEHHA NOJY4YeHHOM cucrembl. Ilo
Teopeme 4.6 cuctema

{ 2x + 3y =1, (3)
(2x +3y)+(9x —3y)="T7-+48

paBHocuJbHa cucreme (2). Cucrema (3), B cBOIO ouepenn, IIpe-
obpasyercss K BUAY

{ 2x +3y="1,
11x=255.
N3 ypasHeHua 1lx =55 Haxozum x=09. IlozcraBMB 5TO 3Ha-
yeHHe B ypaBHeHue 2x -+ 3y =7, HaxoauMm y= — 1.
HUrak, (5; — 1) — pemmenune cucremMnl (3), a 3HauuT, M pelle-

HHEe PaBHOCHJILHOM eH cucreMbl (1).
IIpumep 2. Pemuutp cucremy ypaBHEHHH

{x +y’—2x+y=0,
2x°+2y*+x — 38y — 5=0.

Pemeunue. Eciu obe yacTH IepBoro ypaBHEHHS CHUCTEMHI
YMHOMHTh Ha 2 M BBIUECTh IIONTyUYEeHHOEe ypaBHEHHE H3 BTOPOTO
YyPaBHEHHS CHCTEMBI, TO B3aMMHO YHHUYTOMKATCA YJEHBI, COZEp-
JKalllie IepeMeHHbIe BO BTOPOIl CTEIeHH:

(2x* 4+ 2y*+ x— 3y — 5)— (2x°+ 2y* — 4x 4 2y)=0

dx — dy — 5=0,
x—y—1=0.

MsI npuxoauMm K 60Jiee IpocToii cucreMme

{x2+y“’-—2x+y=o,
x—y—1=0,

KOTOPYIO HETPYAHO pEeImHUTh MeTOZOM IOACTaHOBKH. HMeem y=
=x—1, 3xavgur,

x4 (x— 1)2——2x+(x—1)—
2x2— 3x =0,
x1=0, xo=1,5.

Ecmm x=0, 70 y=x—1=0—1=—1; ectu x=1,5, 10 y =
=x—1=1,6—1=0,5.
OrserT: (0; —1) u (1,5; 0,5).

121. Peimmenne cucreM ABYX YPABHEHHH C IBYMA HEepPeMEHHBIMHA
METOAOM BEEJIcHHA HOBBIX epeMeHHBIX. MeT0d 66edenusn HoBbLX ne-
DeMeHHbLX TIPUMEHSEeTCSa IIPHU pellleHMH CHCTEeM JABYX ypPaBHEHUH
C ABYMs NEepPEeMEHHBIMH OJHHMM M3 CJeJyIOUIUX CcInocoGoB: 1) BBO-




