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Лекция
Тема: «Основные понятия графов»
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1. OcHOBHBbIC IOHATHSA TCOPHHA
rpagos

MuoxecrBo M = {a, &, as, ... } H Ha6op L HCYNOPANOUCHHRX
nap oOLEKTOR (3ix, 3;x) H3 MBOXECTRA M HazHBacTcA rpadom I'.
OGECKTH MHOXCCTBA M HaZHBAIOTCH BePIINEAME rpada, a
06hekTH HaGopa L — pebpamu rpaga.

Tlop BaGopoM ME GyJicM NOHBMATS HEYHOPAZOUCHAYIO CHCTEMY
OOECKTOB H2 HCKOTOPOTO MHOXECTBA, B KOTOPOH OfHH H TOT K¢
OGECKT MOXET BCTPCUATECH HECKONBKO Paz.

Ecmu rpady I” HOCTABNCHA B COOTBETCTBHE HEKOTOPas
TEOMETPHYICCKAN KOH(UTypanss (TOUKH B KPHEHIC HX.
COCTHASIONIAE: OTPCIKH H YTH OKPYXHOCTEH), TO AanHas
KOH(ETypanEs HASHEACTCA H206paeHHEM HIH I'eOMETPHICCKOR
peammzanmcii rpaga.
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Ecmn pe6pa rpatha onpeAeisioTcs YHOPSIOUCHHEMA TADAMH
BEPIIHH, TO TAKOH rpath HAZHBACTCH OPHEHTHPOBANNLIM.

TIpa B200paXcHAH OPHCHTHPOBAHHOTO rpatha Ha KaXzoM petpe
CTABHTCA CTPCHKA, YKAZHBAIOMAA IO HANPABRNCHHAE.

Iycts (a;, 3j)- peGpo Bexoroporo rpada I, Torja ai B a; HaZKHBAIOTCH
€r0 KOHIAMHE.

Ecinn xe (3, 3j)- pe6Gpo OpHECHTAPOBAHHOTO rpada, a HazHBacTCA
HATANOM pebpa, 3 — KORNOM.
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I'papT OpuenTHpoBannLi rpag I’
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Pebpa rpada BEja (3, 3) HAZHBAOTCH NETIHME.

Pelpa CoCHHASIONEE OJHHE H TC K¢ BEPIHAN HATHBAIOTCH
KPATHEIMH HIH HAPAJUICHLHEIME.

BepiEnL, Be NPHHAINICKANTHC HE OJHOMY PeGPY HAZHBAIOTCS
HI0JHPOEANNLIMHE.

OpaenTHpoR anuL rpag I
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Jipa peGpa rpatha HaZHBAOTCH CMEXHLIME, CCIH OHH HMCIOT
OOIYIO BEDIHHY.

JlBe BCPIEHEL rpadha HIHBAIOTCS CMEXHLIMH, CCITH CYMECTBYCT
Pe6po, COCTHAIOMEE HX.

Bepmmna B pe6po rpaha HaZHBAOTCH HEIHXCHTHRIMHE, CCITH
JAHHAS BEPITHHA NPHAAJICKHT JAHHOMY PeGpY.

Bepinuna, HEIHCHTHAS POBHO OHOMY PCOpY HAHBACTCH
KOHI€BOH HIH BHCHICH.

I'pagT OpaenTHpoR annL rpag I
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Crenennio ESIINELI B: rpada I” HazKBACTCA THCIO, DABHOS
uHCHy pebcp, HEIHACHTHHIX BEPITHHAE B: (o (B: ).
CrencHh HONHPORAHNOH BEPIAAK PaBHa 0, CTCNCHL BHCAYRCH

BCPINHEN pagHa 1.

Tlonycrenenkio HCX0/A BSJANEHE 3 B OPHCHTHPOBANAOM
rpadic BIRHBACTCA YHCNO, PABHOS KONHICCTRY Pebep, HCXOMAITHEX

wa(o (@)

TlonycCrenenkio 3aX0/a ECPIHNE ; B ODHCHTHPOBAHHOM rpahe
HIZHBACTCS YHCHO, PABHOE KQIHICCTRY PeOep, 2aXOAMIEX B &
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2. Ilyra 1 MEKILI

Ilycrs a: B 3 — NPOHIBONLHKIC BEPIHEAK Tpatha I'.
TlocnenoBaTenbHOCTL BEPIEH B pebep rpada I', kotopas
HAYHHACTCH ¢ BEPIIHHK 3 H 3AKANIHBACTCA BCIIEHOH a;
HIZHBACTCH HYTEM HIH MAPIPYTOM, COC/HHSIONHEM BEPIIHHK &
Ha.

JUIHBA IYTH PaBHA KONHYCCTRY pebep B JARHOH
HOCHEAOBATENEAOCTH. BEPIANA & — HARHBACTCA HAYANOM NYTH,
BEPIIHHA 3, — KOHIOM IyTH.
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HezaMKkmyTHH OyTE (& = 3 ), B KOTOPOM BCE pebpa paziiaanL
HAZHBICTCH HEMBIO.

I[enn, B KOTOPO# BCE BEPIHAN PAa3HYHE HAZHBACTCH
HPOCTOi.

3aMKHYTHH OYTh (i = 3; ), B KOTOPOM BCe pebpa pazaaHn
HAZHBICTCH IHKJIOM HITH KOHTYPOM.

I[HKN, B KOTOpO# ECE BEPIEHH PAa3NHYHE HAZHBACTCH
mpocroi.

TIyTH B3 BsE Bs: (85 X3 B X4 B7 X7 B5

B3 X3 Bs X4 B7 X5 B6 X4 B7 X7 Bs

BZXZBGXEBS
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3. Cnoco0w1 3ananns rpaga

1. llepeuncienneM 06nLexTOB MEOXCCTEA M B HaGopa L.

2. T'eoMeTpHIeckas PeANNIANHEE.

3. MaTpHIa CMEXHOCTH.

Ecim pepmBaH rpada I DOMEUCHH a1, 2, 3s,. . .3a, TO JNCMCHTH
MATPHIH CMEXBOCTH pazmepa n X n A(T) onpesensiorcs
cnepylompm oGpazoM: A, j) = K, ccm B rpadic cymecTeyer
POBHO K pefiep (&, ). A(i, j) = 0 B DPOTHEHOM CHyUAc.
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JIna OpECHTHPORAHEOTO rpada ONpe/iCICHAE AHATOTHIHOC,
TONLKO OPH NOCTPOCHHH MATPHITH CMCKHOCTH, BCOOXOHMO

YIHTHEATH HANPaRICHAE pebep. a1 laz |a3
a1 at [0 [3 [0
k. 03 a [0 [1 [1
a3 [0 [0 [o

4. MaTpana EHEIEACHETHOCTH.
EciH pepiEEH 1pada | DOMEICHN &, &, as,... 3., 2 Pe6pa Xy, Xz, Xs,
....X=, TO MCMEHTH MATPHI HENE/ICHTHOCTE B(I) psMepan X m.
OIPCACIAIOTCA CICAYIONEM o0pazoM: B(, j) = 1, eclE RepmmBa &
HEIHJICHTHA peOpy X; B B(i, ) = 0 B npoTHEHOM cnyuac.
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Ecim I” opHEHTHpOBaHAKIH rpadh, T0 MATPANA HENEACHTHOCTH
onpenenseTcs cueayiomaM obpazom: B(i, J) = 1 , ecil ai konern
pebpa % . B(, j) = -1, ecna & pawano pe6pa x; - B(i, ) =4, ecm 3
nems Ha eepumHEe a: B(i, j) =0 Bo BceX OCTANBHKIX CHY9asx.

X1

a3 0 0 0 0 |1
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3. Cemnocts rpaga

T'path) BIZHBACTCH CRATHLIM HIH CUILHO CENTHLIM, CCIH /IS
JMOGHX IBYX €10 BCPIIHH 4 H B CYIICCTEYET IYTh, COCAHBIONTHH
HX H2 4 B B H H3060pOT.

OpHCHTHPORAHHKI rpad) HASHBACTCA OHOCTOPOHAE CENIHLIM,

©CIH P MOGHX ZIBYX €TI0 BEIIHH 10 KpaiiHel Mcpe ofiaa
JIOCTHXHMA B2 JPYrOM.

O A SO

omlocl'ollonne He
EnERE  EnHRH pion p—
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4. Jilieposnl rpadgni

3anaua o Kennrcbepraknx mocrax: Ha TeppaTopaE ropopa
KennrcGepra (KanHHEATDaj) HMECTCH /{Ba OCTPOBA,
COCZHHCHHKX 7-10 MOCTAMH ¢ Geperamu pexs Iparons H Apyr ¢
apyroM. TpeGyeTcst ONPEACHAT: MOXHO JIH OCYIICCTEHT
TPOryNKy OO rOPOAY, HPOHJIA HO KAXOMY MOCTY POBHO O
OJJHOMY Pazy H BEPHYTECH 00paTHO?

TIpuroms__ -

/N
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OTy ronoRoIOMKY IPE/UIOKHIH PEIATE B 1736 rofy Jleonapay
Oiinepy. Pemas ec Dinepy OPHNLIOCH BEOJHTL HEKOTOPHE BOBHIE
MATEMATHICCKHC TCOPEMEL, ZIOKAHBATS TCOPEMEL. JIAHALIC TPY/IH H
JICTIH B OCHORY COBPCMCHHO# TCOPEH rpad)oR, KOTOPas Cerofus
IPEMCHEACTCA H B TCODHH INAHAPORAHNAA, H B TCOPHH DACIHCAHAMN, H
B GHOIIOTHH, H B XHMEH H T. JI.

Jleonapo Jiinep (1707-
1783)- mamemamux,
Mexanux, dusux u
acmponom, no
npoucxoncoenino

weeiyapey
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K ananoraysLM ronoBONOMKAM OTHOCATCH H 33/|a9H , B KOTOPHX.

TpeGyeTcs BHUCPTHTS Ha IIOCKOCTH OJJHHM POCICPKOM 3AMKHYTHC
KPHBEIC, O0BOJIA KAXILIH YIACTOK B TOYHOCTH OJJHH Pa3.

@ X

PemeHHe STHX FONOBONOMOK, OCHOBHIBACTCS HA OCHOBHHIX.
TeopeMax o6 SHNepoBHX rpadax.
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Jiiepopa Kewk B rpadic- 510 nenkb, cofcpXamas Bee peGpa rpada.
iinepor WM B rpade- 5T0 WHKIN, coiepamas Bee pebpa rpada.

Tpah, oGnapaionuil HICPOBHM NHKIOM HI3HBACTCA IHICPOBEIM.

Teopema: (HCOGXOHMOE H JOCTATOUHOC YCIHOBHS
CYICCTROBAHASA SHNCPOBa MHKNA) CBAHKI HCOPHCHTHPOBAHHEIH
rpath TOrja H TONLKO TOr7iA ARNACTCA SHNCPOBHIM, KOI7IA CTCICHE
KOKJI0H €10 BCPIIHHK €CTh YCTHOS IHCIO.

Teopema: (HcOGXOHMOE H IOCTATOTHOC YCIORHE
CYINCCTROBAHHESA SHNCPOBOH NelH) CBIHEIH
HCOPHCHTHPOBAHHKIH rpad) TOra H TONLKO TOTAa oGNajacT
3HNEPOROH NENBIO, KOT/IA OH EMECTPORHO JIBE BEPITEHE
HEUCTOHOH CTCHCHH.
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Pemenne 3ana7H 0 Kennrchepr akax Mocrax:

JlannLii rpath He HMOCT HH SHICPOBA IHKNA, HA JHNCPOBOH
IICIH, TO €CTh FONOBONIOMKA PCIICHHS HE HMECT.
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5. 'aMBILTOHOBEI Ipagnl

B 1857 rojly HpnanicKei MaTCMATHK YHILAM I aMEILETOH
npeokEn Arpy «Iyremeciere 0o fiofekaspy». Hrpa
CEOJIHNIACH K HCOOXO/IHMOCTH 06X07]a 10 peGipaM IPaRHILEOTO
JIOZICKa3/ipa RCCX BEPIIEH rpad)a, NpH YCIORHHE, JT0 HH B OfHY
ECpIIEHY HEJE3A 33X0/IHTS GOJICE OJHOIO pasa.

Yunvam Poyan F'amunsmon
(1805-1865)- upnandcxuii

MAMEMAMUK.
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Jonexasap- 310 MHOrOr pAHHHEK, FPAHAME KOTOPOro SBNjeTcsa 12
NpaBHILHKX NATHYTONLHAKOE. OH HMeeT 20 Bepiman H 30 peGep.

. N
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Pemenme: & "‘ £
ABCDENMLKJIHGPQRSTOFA
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TaMEIETONOE IHKJI- 5TO INHKI, HPOXOJANNE 9cpes Kakylo
BepimEHy rpada B TOUHOCTH IO OHOMY Pazy.

TaMEIETOHOEA IEME- 510 ICh, NPOXOAAIKAN YCPE3 KKAYIO
BepimEHy rpada B TOUHOCTH IO OHOMY Pazy.

TaMHNLTOHORH ICITH B MEKNL BCCr7iA SRIAIOTCS NPOCTHMEA. OHE
MOTyT HE COJICPXATh BCeX pebep rpada.

T'path oGnapaIoNuii raMENETOROBHM IHKIOM HAHBACTCH
FAMBJIETOHOBBIM.

60 S = S o S

Cymectyior Cymecryior He CymecTEyior He cymecteyior
TAMENETOHOE M TAMENETOHOE IHKN TAMENETOHOE IEKN ~ TaMHNETOHOE IHKI
sinepos HHE CYIECTRYET W HE CYMECTEYET H cymecTEyer
WK SiNIEpOR MK finepos mEKN siiNepos maKL
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C HOHATHEM rAMANTOHORKIX NHKIIOB CRAAHH 23/[a9H O
KOMMHEOSKEPE: KOMMCPCAHT JIOJDKCH COBCPIHTE IOCIJKY O
TOpOJIaM H BEPHYTHCH 00PATHO, HOGKHBAR B KXKJIOM I'OPOJIC POBHO
OJJH PA3 H IPH 3TOM CTOHMOCTE TAKOH NOC3/IKH JIOIDKHA GHITh
MHHEMANEHOMH. T. €. TpeGyeTcs Hal TH rAaMANLTOHOB KN
MHHEMANHLHOH JUIHHE .

JloCTATOUNEIC YCIIOBHS CYNCCTROBAHN I AMEIILTONOBRIX
HHKJIOR B CBSIHOM, HeOPHCHTHPOEANHOM rpadie 63 merens,
HMCIONICM TPH H GoJice BepImEN.

1. Ecim rpad) nonsLi, TO OH raMANLTOHOR. I107] MONHEIM OHAMACTCS
rpath, copepxanyii Bee pebpa BEmA (&, 33), rae 1 <i<j<n n-wmcno
pebep B rpade.

2. EciH s mMoGHX IBYX PazIHYHLX HCCMEKHEIX BEPIHH 3 H 3j

(i #j) rpaga " prmoNAsCTCH yeuoBHE o (&) + o(z;) = 1, TO rpadh
SBISCTCA I'AMEITE TOHOBHIM.

3. Ecm MmoGoi BepmHERH a; rpada I” BRNONHACTCH YCHOBHE

(@) =" , T0 rpath ARNACTCA FAMEIL TOHOBHIM.
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6. lepeBpn

CasRHHIH HCOPHCHTHPOBAHHEH rpad G6¢2 MHKIOB HARKBACTCH

ZEED

JIioGoi HeOPHCHTHPOBARALIH rpath 63 MHKIOB HAZHBACTCH JICCOM.
CEOHCTEA fIepeBLen:
Ecmn rpad I'- aepeso, 10:

1.T - cRs3HEI H HE HMECT MAKIOB.

2.Ecma I” HMecT N BEPIAA, TO OH HMeeT 0 — 1 peGpo.

3.Ecma y siepera I ecth mo Kpaiiacii Mepe ofiHo pe6po, TO y Hero
063ATENLH O HANCTCH BHCTIAS BEPIIHAA.

4. Jo6He ABe PARIHYHLEC BEPIMHAA I'pada I' MOXHO COCHHATL
CAHHCTRCHAOH HPOCTOH MENBIO.
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IIpeacragnenNe ACPEEA B BHAC APYCOR:
YroGH HPEACTABHTE ICPEBO ] B BHJIC SPYCOB HEOGXONHMO YAANHTS H2
HCTO BCC KOHNCBHIC BCPITHHE ¢ HHIECHTHRME HM PCOpPaMe.
Tlonygnrcs HOBHIH rpad I
Hz2 pepepa I't HEOGXOHMO CHOBA YRANHTE BCC BEPIIHHKE C

HHIHJCHTHHMHA HM peGpaMu. IlonyanTces HoRH rpad I's.

DTy HponeAypY HEOOXOEMO HPOAOIDKATE, IOKA ICPCBO HE
COKPATHTCH IO ¢/HAEYHOH BEPIEHE. DTy BEPIHHAY HAZHBAIOT
Kxopuegoii. ECIH B PeRyNBTATE YAANCHAS KOHNCRHX BCPIHH
ocTaneTcs pe6po ¢ ByMa BepmEHEAMA. TO 32 KOPHEBYIO MOXKHO B3ATh
moGyio B2 HEX . KOpHCcBas BEPIERA HAZHBACTCH HYICBLIM NP COM.

CMexHHE ¢ Hell BEPIHAH- EEPIHHAMEA IIEPBOTO APYCa H T. /.
r
I
I:

Is
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OCTOBHLIM JACPCEOM CBAHOT O rpada I” HazHBAIOT MOGOH cro
noprpad. Copepxampii Bee BepimaaH rpada I B seisommi e
JICPEBOM.

Iycts I'- ceseamii rpad. Torma (o ceoiicTBAM) OCTOBHOS ZIEPEBO
rpaha r (B oHO CymeCcTBYET) AOIDKHO copepXarh n{I)) —1 peGpo.
TaxkuM 06pazoM MmoGoe OCTORHOE ACpeBo rpata I' ecTb peynbTaT
yaanems 2 T popiio m(T)— (o) — 1) = m{T’) — n{T) + 1 pebcp.
Yacno m(I) —n(I') + 1 BER3HBACTCH MHKIOMATHICCKHM THCIOM
ceszHoro rpaga I' B o6ozmagactes /().

Opumep: V =m_n+1=8-5+1=4

OCTOBHOE JIEPEBO CBAZHOTO Ipaia MOXET GHTH BHJICHCHO HE
CAHACTBCHHRIM 00pazoM. OGIee YHCIO OCTOBHHIX JICPCBBCE
CBAZHOrO rpadha MOXET OKA3A THCH BECHMA GONBIIAM.
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BEHApHEIC IEPEELE
BaBApHOE (AEOHIHOE) EPEEO- 3TO KOHCIHOE MHOXECTBO
BEPIIEH, KOTOPOE GO MYCTO, NHGO COCTOHT B KOPHS H JIBYX.
HENEPECCKAIOMEXCA GHHAPHKIX ICPCELER: JICBOTO H IIPABOT0.

Ipamepni:

VAWAN

TIoHATHE IBOHIHOTO JICPCRA NOMYCKACT OGOCIICHHS. M- HIHRIM
JICPCBOM HAZHBAIOT KOHCTHOC MEOXCECTBO Y2IIOB, KOTOpOE MHGO
IycTO, MAGO COCTOMT H3 KOPHA H M HENCPECCKAIOMAXCA M-
HYHHX JICPCBLER, HMEIOMAX HoMepa 1,2, 3, ... m.
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7. ILnockne rpadpui

T'pat) HaZHBACTCS IIOCKHM, CCIH €10 MOXHO H206DazHTh HA

IUIOCKOCTH TaK, 9TO HHKAKHE 2 pe6pa He GYAYT HMETh OGIIHEX TOUCK,
KpOME BCPIEH rpada.

Iipemep:
@ TInockuii rpad

OGnacTs, orpaHAUCHEAd PeOGPaMH B IIOCKOM rpadic B He coficpxamas
BHYTPH cc6si BEDIIHH H peGep HIZHBACTCS IPAHLIO IVIOCKOro rpadia.
Pazn@galoT BHYTPCHAHE B RECIIHHC IPaHH rpaga.

Ipemep:

1,2,3- ENyTpeHnEe Ipans, 4-
4 BHCIHSH I'PAHE.
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He pcsxail rpat spnsercs nuockaM. Hanpamep, rpadu I3 B T's

NNOCKHEMH HE SBANIOTCA @
E % |

3ajia4a o TpeX AOMax H

Tpex Konoamax (or Tomawi rpag ¢
KAXKIOTO 7I0MA K IATHIO BEPITHAAMH.
KaXI0MY KONOMIY

TpeOyeTcs NPpONOXHTE

TPONHHKH TAK, ITO0OH

OHH HE ICPSCEKANHCh

MEXY COGOH.
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Teopema: B CEAZHOM IIOCKOM Ipad)e CpARC/UIHNE 0 PARCHCTRO:

n—m+I*=2, ;e - KONHIECTRO ECPIIHE, M — KONHIECCTRO
pebep, I'* — konmAuecTRo rpanc rpaga

Jlanmas gopmyna Hazaeacrea dopmymnoi Diinepa. Dinep BHREN ¢,
HCCHC/YA IIPARANLHRE MEOTOTPAHHHKH, PARBCPTKHE KOTOPHX
ARVAOTCA IIOCKEMH rpadams.

Teopema: (Iloprasrena- Kypatorckoro) I'pad I apnaercs
IVIOCKEM TOI7A H TONLKO TOT/a, KOI/IA OH HE COJICPXHT B
Kagectee nozrpados rpadm Iss B Ts.




image28.jpeg
Ecm rpad I Be INIOCKHHH, TO IS €r0 INIOCKOH PealHzanul
YAAAIOT OTACHLHECE Ppebpa (ICPCHOCAT B APYIYIO IIOCKOCTD).
MEEEMANLHOE YHCHO PEOEP, KOTOPHIE HEOGXONHMO YANHTS H3
rpatha IS DQNYICHAS €ro IIOCKOr0 H200DAXKCHHAS, HAZHBACTCH
uHCIoM WianapuocTh I'.

1Ips BHHECCHHH STHX peGep B BTOPYIO IIOCKOCTh, HONYIaioT
9acTh rpada, KOTOpas TaK K¢ MOXKET OKAAThCA Hennockoi. Ecna
9TO HPOHCXOJHT, TO NPCARAYINYIO HPORCAYPY HOBTOPAIOT H T. /I
MEHEEMANLHOE YHCHO IIOCKOCTEH, IPH KOTOpoM rpad I’
paz6HBacTCA HA IIOCKAE 9ACTH (PazGHCHAC BEJICTCH IO MHOXCCTRY
pebep) HRHBacTC TONIMEHOM rpaga.

TommmHa nnockoro rpada pasma 1.

Tommmuna rpados I's; u I's paga 2.




