ЛЕКЦИОННОЕ ЗАНЯТИЕ 
Тема: «Угол между прямой и плоскостью. Угол между плоскостями»
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B TEOPEMA
Ecnu aByrpaHHbIe yIJiibl PABHEI, TO PABHBI UX JIMHEHHBIE YIJIbI.

DOKA3ATENBLCTBO. ITycTs AByrpausbie yrabsl 0 ABB u dﬁﬁﬁ PaBHBI MeXX-
ny coboii; £ MKN — NUHEHHBIN yroJ

B B ABYrpasHoro yria cABB, a £ MEKN —

prd \ rd NUHeHHEIH YroJ ABYCPAHHOTO YIJa

/

&AEE (puc. 176). CosmecTM paBHBIE

K = | nByrpauusie yrast 0AB u &Aﬁﬁ: TOT-

N o~

M / \ i / \ 2 COBMeCTATCS MX pebpa éB u AB,

rpaH¥ o u G, a Takxke B u B. Oun co-

CTABAT OAUWH JBYIPAHHBIM Yroji, B KO-

a B = B TOPOM IPOBE/ICHO NBA JIMHEMHBIX yria:
A\ = g

/ /A\ Z MKN un £ MKN, cinenoBaTenbHO,

Puc. 176 £ MKN =/ MEN.

Bl TEOPEMA (o6paTHas)
Ecnu suBeiitble yribl ABYyTPAHHBIX YIJIOB PABHBI, TO PABHEL M Ca-
MU ABYTPDAHHbBIE YIJIBI.

Teopema JOKAa3bIBaAE€TCHA OT IPOTHBHOIO.
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4, MuororpaHHblit yron. MHO202paRHBM Y2n0M HA3LIBAETCS YacTb
IpPOCTPAHCTBA, OTPAHWYEHHAS HECKOJbKMMH IUIOCKHMH yrJjIaMy, Y
KOTOPBIX BEPIIHHA 00mas, a CTOPOHHI nonapHo obmue. Kasxxasie Tpu
cJIenyIoIMe APYT 3a APYroM o0Inie CTOPOHBI He JIeJKaT B OLHOM ILJIOC-
KOCTH.

OOmas BeplINHA IUIOCKHX YIJIOB, O0PasyIOIIMX MHOI'Or'DaHHBIN
YroJi, Ha3LIBAETCA 6€PULUHOU MHOTOIPAHHOIO yIJjia, IJIOCKHE YyIIbl —
2panamu, o0uHie CTOPOHHI MJIOCKUX YIJIOB — pebpamu. B saBucu-
MOCTH OT YKCJIa IpaHeil MHOrOrpaHHBIE YIJIkI MOT'YT OBITH mpexzpan-
HOLMU, YeMbiPeXZPAHHBIMU U T. 1.

MHOrorpaHHEIH YTOJI HA3BIBAETCA GbLINYKAbLIM, €CJIH CeUEHHEe €ro
060§ OJIOCKOCTBIO, NIEPECEeKaIoIell Bce rPaHH, IBJIAETCS BHINYKJIBIM
MHOTOYroNIbHUKOM (puc. 179, a). B npoTuBHOM Ccliyyae MHOTOTPaH-
HEIH yroJI HasbIBaeTcHa Hesuinykavim (puc. 179, 6).

B TEOPEMA
B TpexrpaHHOM yrJie KaXbIi IUTOCKHH YroJl MeHbIle CYMMEI IBYX
APYTuX IJIOCKHX YIJIOB.
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AOKA3ATENBLCTBO. Ilycre yron £ SKMN — TpexrpaHHbIH yrom m
£ KSN > £ KSM, £ KSN > £ MSN (puc. 180). B rpaau KSN npo-
BezeM npamyro SP, o6pasyomyio ¢ SN yron £ PSN = £ MSN, u or-
JIOXKHMM Ha OpAMbIX SP u SM paBHbIe orpe3ku SD = SB. Yepes3 TOuKH
B n D npoBefeM IJIOCKOCTbH, Nepecekamonyo peopa SK u SN B TOY-
Kax A u C. PaccmoTrpumMm ob6pasoBaBiuiviecsi TpeyroibHauku: A CSD =
= A CSB 1o aByM CTOpPOHaM m yriay mexay Humu (L BSC = £ DSC
IO mocTpoeHUIO, SD = SB nmo moCTpOeHHuIo, cropoHa SC — o6iasn).
CrneposarensHo, BC = DC.

Puc. 179 Puc. 180
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B tpeyrossanke ABC nmeem AC < AB + BC unu AD + DC < AB +
+ BC, Ho Tak kak DC = BC, to AD < AB.

B TpeyronpEHKax ASD u ASB cropona AS — of6masa, SD =
=SB u AD < AB, 13 4Yero cieayeT, 4TO

£ ASD < £ ASB.

IIpuGaBuB K JieBOM 4acTH MOChefHero paBeHCcTBa yrona £ DSC, a k
IpaBoii — paBHBIN emy yrox £ BSC, nmonyuum:

L ASD + £ DSC < £ ASB + £ BSC
bidse%d
£ ASC < L ASB + £ BSC,

YTO 1 TpeboBaJIOCh AOKA3ATH.
CrencTBHEM 3TOM TeOPEMBI ABIAETCA CHeAYIOLee YTBEPIKACHHE.

Besakuil niocKuii yroJ TpeXrpaEHoOro yria 6onpiie pa3sHOCTH ABYX
APYTHX €ro IJIOCKUX YIJIOB.

¢ [IPUMEP
JokasaTh, 4TO €CJH ABA IUIOCKUX YIJIa TPEXTPAHHOIO YIJia OCTphle
U paBHBI MeXXAy co6oil, To NpoeKIus ux obuiero peGpa Ha mjoc-
KOCTH TPETLEro yrjia eCTh ero GMcCeKTpuca.

PEWEHMUE. ITycte £ ASB = /£ ASC — octpsrle; SA; — npoexnusa pe6pa
SA Ha niaockocts CSB (puc. 181).
ITposenem A|K | SB, A,M 1 SC.
Ilo Teopeme O Tpex mepHEeHAHUKY-
aapax AK L SB, AM 1 SC. Tpe-
yromsEUKN ASK u ASM paBHH
(£ ASB = /£ ASC, runorenysa AS —
obmas), ciaepoBarensHo, SK = SM,
AK = AM, BO AJK n AM —
NPOEKIHH PABHBIX HAKJIOHHBIX, MO-
atromy A, K = A;M. Takum o6pasom,
NASK=AASM, T.e. SA— 6uc-
cexkTpuca vrna 2 BSC. Puc. 181
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2.KareT AC pasHOBEAPEHHOrD NPAMOYTONLHOMD. AABC’ NIEXHT B NNOCKOCTH (., @ KkateT BC
0Bpa3yer  Heft yron 45 HalfTh yron, KOTOps 0Bpa3yeT MNOTEHy3A A C IIOCKOCTH .

5 Peuwenve.

1)Miposegiem BD 1 a:; CD ~npoeuA KareTa CB HamnockooTs o

ZBCD = 457 AD ~npoexuns rnoTeny3si AB; LBAD ~ voxo-

=

Lt 2) MBC: ZACB = %0°; AC = BC.

O6oswaumm BC vepesa. 4B = JACT+BC? = Ja+a? = a.f2

3) ABCD: £BDC = 90°(BD L a; BD LDC); BD = CBsinZBCD; BD = asinds® =

5D

- 900 LB afi 1
984D 2504 = 00" sinoap = G0« o3

cneosarensio, Z5AD

Orser: 30°

3. KaTeThi NPAMOYFONLHOTO TPeyroNoHHKa pasksl a 1 b . HallT PACCTORHHE OT BepILIS
FIPAMOO YA A0 MOGKOCTH, NPOXORWISH Hepes TMNOTeHy3y h oGpasyioweli yron 30°
©NNoCKoCTHiO TpeyronbHiK.

=y
Mposeasm Ct B CD ~ wekowoe pacctosHie;
DO ~poeKuws HaKnoHHOM D Ha nnockoCTs o Mo Teopewe.
© Tpex nepnenaukynapax, DO L AB. Toraa £CDO = 30° -

yron oy ocETI AABC . 5 = 143 CD:

1 . - o ACCB p _ _ab
$4C-CBiotoona 45 CD = C-Ca; cp = A5, o> =

2 apco: co

1
3pCico =

ab

2t

Orser:
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5. HaitTu nnouank opTOroHanLHOM NPOEKUMH TPEYTONbHHKA CO CTOPOHaMM 13 oM, 14 cu,
15 0 Ha NNIOCKOCTS c, OBPASYIOLIYIO C NIOCKOCTBIO TPeYrOTIHHK yron 60°.

Pewetme.
\ = Seas0: § = oG- B0 p - TLEE; p = B oy

5= A B 19)E1-15)
Oreer:a2 (ar).

B4(c); S = 8- cos60°

2 (ow).

6. OpTOTORaNLHO TPoSKLMeR TPeyToNLHIKA ABC a MOCKOGTS G AGRRETCH
TpeyronbHuK AB,C. BeicoTa BD TpeyronsHHka ABC 0BpadyeT ¢ NOCKOCTHIO G yron 60°
HalfTi nnowaas TpeyronkHNka B, C, eci AC = Scw, BD = 6ow.

s Peuwenve.

BB, 1o, B, ~1poexuun sbicotsi BD A4BC HANOGKOCTS 0

ZBDB, = 60° - yron wexay 8COTOR BD W NNOCKOGTHO o

Tlockonsky 4C L BD, To, 10 Teopeme o Tpex neprenameyns-

Pax, AC L DB, ; ZBDB, ~yron Mexay oCKoCTaM c. W (45C).
1 1

1 .
" cosZBDB Su5,c = FAC-BDCos60° = 1563 = 7.5 cnr).

Sasc

Oreer: 7, 5 (cur).
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7. [lBe B3aMMHO NEPNEHMKYNAPHBIE NNOCKOCTH 0. M B NEPECEKaIoTCA No NpAMoR MN .
MpAMaR a NPUHGAIERAT NNOCKOCTH G W Napannenswa MN, Npswas b NpiaanexT|
nnockocT B  napannensia MN. PAccTosWe of a Ao MN pasHo 45 uw, 8 or b

0 MN — 60 . HaiTy paccroskue mexay npammh a u b

Peliere.

1) (I MN, al MN) = allb

20B & bi BB, LMN; BB,—paccrosme or npswoit MN 70 B

BB, = 60 Mw. 10 TEODEN O NPWOP, NeXaLGf B OAKDM 13

o 1Y TENEHAKYNADHSIX NNOCKOCTE 1 NEPEHNKYMAPHOT
b X nepecesenus, 55, L

3) B4 La, B4 — paccroswwe ot a 10 MN, B,A = 45mm.

4) Coeuhm TouKn A B AB| — NPOSKAR HAKIOWHOR AB Ha MNOCKOGTS . Tak kak.

148,70 a L AB 10 T€OPeMe o TPex NEPeHAUKYARPaX; AB — UGKOMO® PACCTORHME.

5)V3 ABB A1 L8B4 = 90° (BB, La, BB, L4B,);

o Teopeme Nucbaropa AB = (BB + ABY; 4B = Aas> + 60° = [5G35 = 75 (um).





image1.png
4. Yron Mexay npAMOA ¥ NAOCKOCTLI. YTJIOM MEXXAY IPAMOI M ILJIOCKO-
CTHIO HASHIBAETCH OCTPHIM YroJl MexAy OpAMOM M ee NpoeKIHell Ha
3Ty IJIOCKOCTD.

B TEOPEMA
OcTprIil yros Mesxay OpsMOii U ee IPOEKI el Ha IIJIOCKOCTh MEHB-

IIe yrjia MeXXJy 9TOi NpaMOoi 1 Jir000i Apyroi MpAMOi, Jiexxamen
HAa 3TOM IIJIOCKOCTH.
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AOKA3ATENBLCTBO. Ilycte npsimass AB
SABJIAETCA HAKJIOHHOI MO OTHOIIEHHIO
K ILUIOCKOCTH O, IpAMas CB — ee mnpo-
eKIlKs Ha IUIOCKOCTE O, npsaMasa BD —
OpOM3BOJIbHAA OpAMAas Ha IJIOCKOCTH
o, He copnagaiomasn ¢ BC (puc. 174).
W3 npousBonbHOit Touku E € BA onyc-
THM HA ILIOCKOCTH O NEPIEeHANUKYIIAD
EF. Tak kak BC siBnsieTcsi npoeKmuet
npsimoii BA, 1o Touka F € BC. Otio-
xuM Ha npamoit BD orpesok BK = BF
u coeaquauMm Touku K un E. Toraa, mo-
ckoneky EF | o, EK > EF. B tpeyronpbaukax BEK u BEF cTo-
poua BE saBnsaetcs oOuieit, BF = BK n EK > EF. CnegoBaTeybHO,
£ KBE > /. FBE.

Puc. 174
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1. AByrpaHHbie U nuHenHble yravl. Ilpsmasi, Je)xaniasi B IJIOCKOCTH, Jie-
JIMT IJIOCKOCTH Ha /IBE YaCTH, KX JasA U3 KOTOPhIX Ha3bIBAETCH NOAY-
naockocmuio. IHonyninockocTs orpaHMYeHa € OZHOH CTOPOHBI IPA-
MOIA.

YacTe NPOCTPAHCTBA, OrpaHHUYEHHAS ABYMS MOJYILIOCKOCTSIMH,
ob1ell orpaHMYMBAaIONel MX OPAMOIi, Ha3sIBaeTCHA d6yzpannvim yz-
nom. IlosmyniockocTy ABYyrpaHHOrO yIJyia HA3LIBAIOTCH ZPAHAMU, 00-
mas npavas — peGpom.

JIByrpaHHBI# yroJ OPUHATO O0003HAYATH CJEAYIOIOHM oOpasom:
0 ABB; sgecs oL 1 B — rpanu, AB — peGpo ABYIDAHHOIO yria.

JBa AByrpaHHBIX yrJjia CUHMTAIOT PABHBIMH, €CJIM MX MOYKHO COB-
MEeCTHUTb.
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Puc. 175

IlnockocTe, nEpHEHAUKYJNAPHAsA peOpy
IBYTPAaHHOIO YIJia, IIePeceKaeT ero rpaHy Io
ABYM IIOJIVOPAMBIM. ¥YT0J, 0OOpasoBaHHBIH
3THMHU NOJYNPAMEIMH, HA3BIBAETCA JAUHEl-
HBLM Y2a0M ABYrpaHHoro yriaa (pmuc. 175).

Bce nuueiiHble yriiel OBYTPaHHOTO yrJia
PaBHEI Mex Ay cObOi.

JBYrpaHHBIi yroJ Ha3bIBAETCHA OCTPHIM,
IIpAMEIM, TYOBIM WJIK DAa3BEPHYTHIM B 3aBH-
CHMOCTH OT MX JIMHEHHOrO yria.




